Information Theory

R.J. Marks Il Class Notes
Texas Tech University (1976)






TEST 44 PrLos SwkeeT

2 | .
LA EPOYAPMBYTPLE) = PEABS “P(BC ) PLACY ¢ P8

o PROOALILITY 2  PLankncel]= )(’
MARGINA L PROBAEGILITY s  PLA: ]S Zp PLA G ]
CONDITIONAL PROCABILITY :  Plapd=pPla/p 1860
JOINT  PrO&AECILITY ©  PlLac’]

STATISTICAL SHD 1 PLABCT =[Py le y PLABT 26,0, PLACT- G0 LB R

PDF (PROPAGILITY 15T Fune) | = PLxé ?g“’j

Joiw T POF @ PLZ < x, 7]

MiarcINAL POFE  PLlx e x) = PLXex, ¥ ““mj

CONDITIONAL POE : Pl x)V ey |z Plxéx ve ,J/ Ply < .4

pd f (Procnrici Ty DensiTE FUNCT /fw) pesy=dePlxe

JOINT o b o pex. o ) - arar Plze x, o

MarcINAL pdd i p s 5, e

CONPDLTIONA L ng}f 2 ,;‘ .,J,/_gf:] = ;o x5 AA; (=)
© LNEORMA TION  pEHFS IRE T R d ",% Pl ]

o THUE  MATHE A TICS o ENTEO Y
ENTROPY DErFEN: HESYs °
ADOITIVE PROPEET Y 2 M (fumf)n} (";.,~ /r) ~f/‘>“4 /n /)n/""/ /in

e LEMMAS % cor, OF H e
| 2 g ¥,
CONVEX FUNCTION CRITERION: d x> f@ﬂ@ 5 [ﬂ/ sy fee))e 1
\/XT g:; < i’j C}}”{g + X ,;a\:) S INE ({) (_}/;} I "f O o, CNRVTH. MR A

» 7

EXTREMA PROOCETYE (X, e, X ) “5” A, 1y

5 oxi oy K £OF X ” o+

JOINT ENTROPY: /“//;EZ';,.Q:’} = T ELEy P& ). //ﬂp(x-&’ )
HOA, ) & HER) + 1)

CONDITIONAL ENTROPY: HEX/Y) = S P, d); Pey /
HCx, vy = H(x)+ 1 Cy/x) = HEY) + chz«f/v)

HOCX/Y) S HEY




e Soupcr EXTENS I oON
‘Z: 15 & 5 9 ) b = E‘?‘”%Wg < 2 ), e f 4 W @
5 HAS /qn\p YMA)%)[;; S HAS ? = PAE OLS

= ol ™ -

“ = e = B 2
é&_u} (5} 122 £ i s

pCoi) = plsi)plsa) ... plSi)
H3)= nk(s)

e CHANNEL ENTROPY
JOINT PROBABILITY maTRIX D HOX, Jm)
CHANNEL EQoivocATioN:: H (/%)
CONDITIONAL PROLABICITY MATEICES




(PROBABILITY THEORY REWE,

@ PropnprciTy Tneory REvIEW

A, TWO APPLROACHES

He FREQOENCY OF EYVENTS ALCROACH

LT DX

5t

H oo TIMES  AM EVENT X . eacdp s
N = TeTaL NMUMBER of £ VEMTS 2 nlx,.)

~ 7" 0K e
= Plxe] 7 WA N

fof = OD
boAxiomaTie  (PROPABIILITY Me A SR 3 A EE O
-l T A,  pE A PIINT N A SAMPLE  SPACE

Y

mlLacT ee n rear k SINSLE vALUED MERTORE ond ).
L ! -

.

Py
y

mleds 22 mlaece £

c TWo EVENTS ARE DISIOINT  IFE . mEAue ] = m Ay v mcs )
(: TR R - )] “a DOITIVE CROEERTY oF THE MEASUR L )
- m (X) = O JEEE s e 52{ (et 5 & 'T“B

vl C/) = e Xe 0 (:_4.) AL E RS A b 5 E r\
- ALSO 1) M (f% )E m (‘I.’i’»'\) e N e
2) m(A)=m( 5;) = m C(:?r’ A ) U A e Bz
sy m (A)Em @U-a)= 1= mdA )
Wy (Ao m [ aca-8)0 R 1
=AY+ MR )Y~ m (A 8)
Fym (ACB O Ya m (A)Y v+ min)yr mie )
~m(as) - m(ee) = m Cea)
+m (Aec)




(PROBABILITY FiHECRY &EVIEw)
B. Axioms 5 Tuweorpems or Axiomgdaic ALpPeaasc i

Axtom 1 : PAAY 15 H peAL BOnBER 9 PCAYED VY eEveNnT AES
AXitom 2 ;365“} =
CAXIoM & LET S =1 5 L Sa, e > S: () S; = ;25 v ,«Zﬁ,;/df
o ALL S ARE  ©1S0OINTY  THE L
PLs,USa Ot 12 P s rpls]) ...
THEOREM 1 i LT 5 BE A =AMPLE SPACE AN P BE
A PROBAPILITY Mo pnsSURE oM 5, THEN
PLIT=PU-4T0= 1~ pPLAad

THEOREM 2.2 LET S BE A SAMPLE SPACE W iiH

PROGAEI LIT Y MEASI e [ e OF g20A Y v oA

THEOSREWN B " LET 5 A SAMP LE 504 O

P OB 3107 A E e of e P N S E
T e P [» Se =,
CoMARBINAL. Jc;;m/ ﬁ CONLI TIAOMNA & 2CROEA LBy [Ty
LET 5 RE A SAMPLE SEACE wITH PROBARILITY
MEAS ORE  Po PARTITION 5 (NTo 1 DISIOINT
SvBsETS (M, Az, , AnS, REPARTITION S
INT O S pIsdolNT SO 7.6 {’ B, Bo, ..., Ps }@
—~THE JOINT P ROPACILITY OF EVEMNTS Al AND 2
e OR ING |8 pEne v o PR G J **** £lde 0 £ j
- GIVEN THE  JoINT PRrRoO8A [%;4,) T, e £ MIA RS INA L
PropABILITIES Are PLA]" 5:, Pl Az e, ]
ano  PLpg = = PL f’/ﬁ,.?g;j
FoR  THRE E OIS dr)//&!? PARTITIONS e O
Pl A, cple= = [An;, By, Ch

5 d“,;‘.

awp  PLced = = FZ PLA; wzh, <]

4 F

EAXATENSIONS A RE o8 W) a )5



(PRO@G&%/L/TF THESR ¥ RE%FV/L‘"Q/>
- LaNpITIoOMNAaL PROBALILITY. (MULT. LAW @ PROE., MEATSURE )
PlLng ;s PpLo/egdrlegd= preg/AcdeLail
S RELATIVE FREQUENSY VIE w oF JOINT, MARGINAL
AMD  COMNO) TIONAL PROBABIL)TIES |
£A, Aoy oey Ar S N Ay = p VW a7y
50003 ﬁu = yoe e, fii% @ A fffuﬁ /) }%)r:)» = ¢/
[‘?)/ f”g,,:zv PRRPR Ao {3&

r) 15

Ly aw Kl g No s

N n;, N; o /’)‘“.» N

= 7 |
‘ na gy .
=P (/% s 4y ) i Ba 2 F . Yh S 0oIN T

Pl = ff”

({3/ -
C(’)A!é)! TIONA L

= PLhA, z)()\j)/; LEL ,,
Pley /i )= 0N, e, /;Ou\,,]

&




Z

CPROBABILITY THEORY REVIEY

 STATISTICAL LTNDEPLENDE N &
- TWe EVENTs, ft T B, ARE STATISTICALLY
o [ n,B 1= pralplsl
Pln/e’)=rLa]

Aw } ARE STATISTICALLY

INDEPENDEN T | FE
)T FoLLowW S THA T

e /\/ EVenN TS {//?;,/)ﬁ:?./wr“ RSV

INDEPLPENDEMT JE I Voo =

PlLAaq,Agd = rCri) ©Ca;)
lJLﬂgjﬂbﬁki]z PLAD PCAD PLAL)

@

P LA, Ao, A 17 PCALY PLASY OO ) oo PCAN)

E, RbNnponm VarRipaptE

COEFNT A REAL VALDED Fonciion XESY 0EFNED 6l A SAe L E

SPACE, S, 15 A RANDOM YARIABLE I'F W REAL NUMEE R . d,
T E ST OF POINTS Fof whiapd XOsYE5Ad is ane
OIF  THE  ClASs OF ApPNMISSARLE S E TS IFafd 0 H i

Py LEELANLE D

Frorne vternr]

A PROGAELL 1TV
F, PRrRo®BALBILITY {isTRIBLOTION
cEN - P lIxeX )= Por e fPeV.e X
Plxzhb ] -plxtza]= Plao<xeée b v b>a
—- JaoINT POE = /‘)L)\‘“‘*ij Y & sz:]
= Plsampie poin T 15 N APpROPRIA TE QUADEANT j

o}
L
@

= MARGINAL PO
FT%M?jzﬁﬁﬁngW$EJ

= CONDITIONAL FPOE's
Plxex yex]/plvs -]

Prxex /vy - |
PlyeY /2‘&55% gj - PZX X e 'W"J//M’[}‘fm fﬁmj

I

M\



&

(PROBA PILITY THEGEY REVIEW)
G, ConTinvovs R.V. f/ PROBABILIT Y OCENSITY FUONCSTION </;:u/ i‘}
= pdf (XY= plx) £ ﬁdf? POF = (;7% PLxex |
= Loy A [Plxex) - p(xe x-ax)]
(POF's aAre RienT CONTIN f)vg}
Ve (XH) X = Pl x-ax <X < x :3
= PROPERTIE S OF H P fJ }} FOR fr CONTINODIZ LV
G éjbj,) (x) 7 O m\)(”? > P Ja£x¢g LJ = fgb Yz C/‘f,\)c;i?)(
(3) / oo f"i‘){x’i".) g}% = 1 ALso, K )= O
He JoinT, MARGINAL, Y CoNDITIONAL é}f)(ﬁ;‘) e,
SJOINT ,06/70 = JoINT  POF = Plxz X, ‘i’ffmjl MmMUET BE

CONTINUOOS & funes (anxce) OIFFERENTIABLE

2.

THEN Joint pdd = cx v PLxex ve ,,L_,j

= [XZ,YJ = ﬂ;‘%‘” axay| P (x 30,7 “’"‘fﬁ“\) - P (}{é‘gméx/ Y & f‘)
SPLXE X YT -AT ) PXeRax, ¥ T ‘fi)l
plx v laxavs PLE-ox2x<X ;2072 ¥E L o
- SoME RELATIOAN 3+ 1PS
)
L pts vodudy = 1 |
==l i » o ) -
ype pCx, 7 dx = PN MARCINA L DENSIT T
G i} ?{’1 . N )
I /f o PR, T) dudve PlxeX)VEmarcinae prs7RIBLTION

“ MO TIOMNA L ;’/61/7@

4
4

%

)

. PLE -AX xS 2, VLT 7
PLye Y/ % —axa x f}?‘ﬂx O PLE ~aAx e X & X
= [fw: \/‘:x'agm F’Cx,r‘ibg)xeﬁ }JJ/IZ;EX p(x)(:fx
=plysy/x]= f~§pé;%§;ﬁ3¢f‘f’/ P Cx7)

DIFFERENT IA TING WR.T. % .

p (Z/X ) = yz Lx, i / f7<X>




CinEoRMnT o8 MEASVRE
e ITyrormMaTioN Mensorie
~ CONSIOER A SAMPLE SPACE S % AN EVENT Ru© S
WE  wisH To ASSOCIATE AM AMODANT OF 18EORAA&TION
ASSQCIA TEY wiTH  THE ©0CCLRANCE OF X
HARTLE Y RECOSNIBEYD THAT L(xe) = :Fi‘ [ PCxe) j
INTOITIVELY, W E wotetp  ERXRAPECT
T xe, cp)e TLae I+ Tley) 2 5 &S, GiXe muo.
w  SMAMNON PROEOSED THE Fottowihe TNFORMATION MERSURE:
yA f}‘(w:} = m/%” I {?{K )
FAPRIORT UNCERTAINTY AssociATED w71
THE OcQQORANCE OF X
2 aMooNT o8 INFORMATION ASSoCIATED
Wire THE OQCURANCE  OF X,
= INFORMATION LNITS

Vs ING LOG  H£ASE

N

T =Y 1A e TS

7 ‘¢

Jr (f, , I3 Iy 12 Nﬁ 47;»5

’e ‘e te . Y 1 'y

(o, HARTLEYS
aﬁg "l 4
For CONVERSION, 05E %@,3?/@ X & Aog, X /-

e

& - {

1 HARTLEY = 3.32 BiTS § 4 NAT 1.4 Y4 A£ITS




&

THE
A DeFEN:

{ xa, Xa, ore, Xs»:g

(meEnsoRES) S pi, pPa, - Mp}f@ .

/s . THE

IMECRM A TION

SCE R ANCE

i<
e

SeomE
jo H(s) 1S
o. H(s) 13
3. H{3)y s

LRODE

AL Sso,

Noo 17V E

4 PROPE /")ﬁ’f}gﬁ H (/O///D.) s Poery Gry Gay, coe

) * f“‘) € H (j [
W E e &

PROOCE

Ma THE MATICS

CoNstpER A

AVERABE

ProareRTiE =

dn_ 2
g?j&’, A" E Jl

H AV E

s
oF ENTROPY
soorcE S wiTH
AND CORRESLOMDING
T E

ASSOCIATE

IE AN EVENT

p(Xi)LI(%@)
- "=

o ENTRoPY -

SO TN DO LS WATH RE

S YMmE TR EE,

'f

Le, Hp, P, o
Pi

Ma XM W HE N

AINCE

e /r!./,,

/”/ (/Un, /JQ/WKQ ,/C’n
//’)h = x=¢; gf‘
ot 1)

= _/

AT

h P/w/) Wﬁniﬁ

m;/,//) jz{f%

= H(P;/pg/», P /l)nm,/

é?'/

WA THEMA TI1ES

SOURCE
X P ECTE D

L) W1 7r

HERE T

{?ﬁe P ‘?}J%«zw}

Ep TR 2P :3
EVEMNTS
PROBEE) L ITY
ENTIROL Y

o

T

Fj (X2 ) mf“{iw /‘J CR; )

'1}0") H(Pazf /"vé%w,@

‘7”3 ‘,«z'/z‘

G e >
f/zJ

4]

/ /U/“ = kwu?"écf"’
pitepi+ Pan,ﬁn = ,,7,<ﬂ

9 e
’Z”L /)'7 '/)hi%;l pt::a“@?’é?&

= Tl




CLEmmMAS
H

A CcaNVEX

§ Corr.
«\:»/Z//‘/l X

PrroveE

& LEmmASs a3

Ao LeEmmsy 4 /5 FE LM <

Wwe  wmary
Aoy £

TS WA YS
52 £ 0O

THIS

:g COMN VEN )

%? A=

CoMVE X

wu pessicts

P
c)/<

540 .)

A

$0x

2. P(x) s JEF

For M///L X, wWeE

»

TR IO

MO3sT  RET

e

GEOMETRIC MEONT M\/f ?"1,,3
/?//4//7 s

CEOME TRIC MEAN ZARITYMETIC MEAN, o« LEMMA

(or . x /zﬁ? /x (x=1)
H(x, x.p,m X ) <

A/w,xff*%@*!

B.Lemmag 20

C, ExTREMA  PROPERTY @F 2 l’“”%' o
prooF: HCX) = o m = /”);

I

i b

( &A"h/,,)‘_; - l,)
A

[y

[_T,ﬁ"f

Do COR TH E

¢

EanTROPY

= H e ) = s é/z >

H ( (4)‘)

/J%\ﬂ

Yo 4

<%
o !

1 817

=y

ARLTHMA TE

/

lL/

A

W @—a, fj)

crron, H o )x /

core, or H )

Teor

Miea N

7

" A FVY

l))

W.«i

FERONM LEMMA

G Ep

S CcoMrEX

s

L ip . oo

&

15 /f’/{’u VES




E. Lemmpy 30 LeET EK1, Xo, o0, Xg 3 An0 Y, , 7o, 00, ¥q) 8BE
SEPERATE DISIOINT PARTITIONS oF 5, THAT 13

j : - ’i . '7“‘ 4 ef;: éfa \j
c - 1
o Mk S T xy L VL

-

a4 ot
&+ Yo o L Yl ‘)
oy Ko A Xy = 7 XU TR T,

£ T E Xa S
&

E X . \g’@

g, \\\7,“ » w .
s o {?1 P
x

Mpnpainat Eniropss

P

s ReEwa TION o J@IM(
LTS

ENTROPY 2 C "< Y ) 4@ ' /)C:%ﬂ:f Y‘A') “"’ZM*”%}@?X'{\/ \’{(222

JOINT .
R cf oy w &
? g =8 Yy e, ?}laﬂ,/‘g,:w_j

> X = é”><>< )
H(X,Z) % HE)+ M?)
PROOF H(‘Z’f)a‘t“g p{jzf )eéywpé@x;
/w/éy")z -

S HG ) rH T

33
e

= mﬁ*‘“}‘*“’; /O(X,& l?’d)//m ‘/7‘4(#
A 4
(77«;&, = /(X )/9(?9:73 “zf@‘) -Z; «{Z;.d K?,fg, = 4

ALsO, LET P4 ;)éf\«fw '

= WYY E =L By py e piy
FROM  LEMmpmg 50
H 25 =
L= . S g
-




10

5 cor, 0F M )

(LemmaAa ‘s

N ’ n - kY
HO0, e, X0 ) 6 HOY ¢ HO) +o oot HCx, )
ISTLCALLY  MOE L,

G, Cor F
ARE STATT

EQUALITY IF ALl X/
H. Cor Fz: HCX,Xe, ooy X0, V0, Po, ... ﬁfﬂ.) ,
< /”{'(?{W’XZJ pev Xr’)) “{‘C%f L2, e, \54”}
EQUALITY IF THE RANDONM VECTOR 5 X, Xo, .eo, Xn¥
INoEF. oF $7,, Ya, ..., mé

STATISTICALLT
i, O EEN >

T. ConpiTionNA L KNTPQF’”
- zn ,O(f /XJJWMW 'x¢ )

HIY/X %)% :

L Y/< ]
m/“?” = p(f y;&é%/gg,ﬁ/m‘)

P c)

I

13

Hf%)%iéxff)
e 3;

J. Lemma & 2
(Mq;a HC‘#/%)
- »3‘*’ ’1‘2/2%; u j f ,,/»)r},,» - T

H(x,v)s=
rprRooE = Hx, g
. = @3’”"’?.; ;, }‘/f ’(\g}fﬁ)(‘ )<%é f,}},»&}

“K

- ‘&A Len, foo

H(xy#H(Y/XQ

Z, lemmy ¢ HOY/X) & HCY)
HCx, )= HCx)+ HCy/ R C ppom LEarn 5
L Hxy + HCY ) € pom peamsss o

HCv/x) £ HCy

e g




H

(sovpcE € XTEN,

»

€ Sovnce ExXTeENSIonN

DTz tle A SoldRcE oF r7 S EOLS
GEMNERATE N SYMBOL WORDS DEMOTES
sovrel  As  THE N'T ExrteEnsioM,

ThHE N ExTENS 1IOM o S HAS

THEOCREMS

d. THE NT EXTENTION OF 4 Sewpce 5 ColfiPLe TE

=2 (P, P, e, Pg)

S'ﬁgglfﬁéﬁj e
N 7 N4 ¢ e
= § o, Pz g, % (Pr, P e, Pyn )
- [ s - f .
%;n }Q T (o3) 2 /0 (o )= /)f“ con Pin
' =T @“g}‘ &’ﬁ LY %“ ,:,)) - 3 .
P ye //) Ah’a s o e }j d/',’

s
g

Pig cosip Pip =

A, DEFN:
e

47},' SYMBOLS

IEP Some

2, H"(sd= nHds)
= ‘o ) y? };}/;;, )

PRLOOFE :

e SnPCCj)/’? /pA,
14&: F(@ >J/C;l’:) “‘fm

kKT repa
2 £

CON S 1D ER
An=/

A
Za /@6&3‘343, = ”'
= 2P, 2 /ﬁ@ = M (s)
: &

Lo
o

2‘«;«# "h

S Hs)E N R )



@ CHANNE L

A. S0 URCE

12

Evrroey
RECEDLELR

- -

P A e J

o m SYML%@LS}

- mwww,ww/] }
3 b s ol £1 A -~ ¢ fremmmminre
n 3SYMBOLS pcHani b

HOr)=pve
HEY) =
H (7/////>;”

A vVE.

TRANSIITTEL

H{X/Y )=

REcoVERMILITY

1o JOINT

INEO

CHANWE L

INFEO  PER SOORCE D FAL IR L

INFO PER  REC EIVER CHARACT E o,

ABROVT RECEIVED SYMEOL &IV &N

S1anNA L (MEASORE oF ERRIM & Aot SE )

L(’g) LA e A T j\j ( N EE S LR g oo THE

oF THE NPT AT THE IR EcCEIVER >
INFoO  PER

RN RN TION

O R ACTER  PALIR
Q///; LAC

PROE  MATHRIX

\f/, \7/2_ ;o YO" PRV
Péf,x’,?';")
p (%o 75

Xoo pOan)
KXo pOaY) pxad)

2 (x, %)

Xa pliny Pl [AXCIRD

L PLRn TG
)

pOan) poate)
P pLYa)

a0 CONDITIONMAL  PROE., MATRIX

plxi/ 1))" /D(xmﬂj)/p(@
P(’g/x Y= P, N g)gmﬂ\)

F) (:Kn ?’m)
e, )

0@ (X4 Vm)

[) @{M fm)

Y

PLxD
pi)

pix:)

PC%)
f@éf Yor) |2 33

WOHREAN A e 7
~ PRrROBABICITIE S




T =

TERAONSTINECERM A TION Lcx, v)

ST H D PLUe SHEETY

MUTOAL INEORMATION: 1w,

C HAMNE Y 1en crry Cs Mas

PEDUMNDA M L=
RELATIVE B oDNDaN Y o 19, = 1

I 5§ e gh s

TRAMSH LD S bON AT E = Ry =

INEORMA T IOMN  EHANNE L B
[ b S

BIMARY S Y 8ME TRIC CHANME !

UM FEaRM - CHAMNE LS 2 P L Jasd, riives deo op

g
O e

CBINARY  ERASURE CHANNE L e Y

{

MURoe R =5 T oMol s
NOWN =SNG OLAR , UM uE LY

DECOLALLLE , M S7TAMTANEOUS

P =X Plrope 2Ty

RO T Yo J ot {i‘ A LT Y . ’

MeMicean's T oo oAe] Ty

SHAMNAN FrrRsw T e ore M

A

NVERAGE WOk | ME T
Coer DN G Proa e D 'y
CHANNOM, SHAMNNOM - F AN

ALS o MAY (N Al s ‘_;«f' =S Ay
J! t /



(MUTvAL INFO)

© MOTOARL TNIEORMATION:
a4 ~
) 2y ot v - Ly pesi)
/(\/l/ \’(‘/‘J'>

he LCx; 7
Mi; P/ "§{/fog = {/> 7Ky s
Arion . Tdx) = - M%/fu‘ 2

YN IN QR A7
spaE . Xe 1S BEING XMITFIED
AECEIVED = CX ‘)

! A

THE 6A1M

- A PRIOR]
SOME
ANONY; 15 BEING
ENAOWLIEDGE
OF THESE Two I3

- POSTERIOR

OIEEERENCE
rron = T(x%:
oFr

B. Some
cry L Cx o Y ) 5 ECOMNTIM OO DS
3 S S VA Al T R

e
o i " Ll
Koo !
7 .

Cad Tlxij 0= B C,
Feaiy o T xg ) = / wm«* = TCxa;ry)

J%@ﬁ(x/y) /Q foxs)

[ A E

ST E
INFOR MA
FrROPE RTIES

S

LN

Ad 027 z)f‘% 4.

o
@

= T .
4 Y P
Atso, I 'C‘f;} Yoy )= Tk Yy )
UM

[N FEO R ML T e A

D)

Q@ /;VC’/Q/] C?) C
LCx gy ov) = LCRE vy)
) i”ptxﬁﬁ’\fq) 1 ( fe(a 5@} )
lJ) o l'_,{ K?{ )
HCYY = +H (/=)

A w

= H(x)rHC
= H(x)= HCx/v )=

LT LA T IOAN) O
s TEo.

e

/

AV LA E
Ve LOX;T) BITS



/4

CaHANNEL PARAMETERS,

@ CHANNEL [FARAME TE RS

Ao CHANN EL  CpprACITY

Pay v
C = flap ICx;v)
Moy ey - nexs/ )]

Be RHETE OF INFORMATION TIRAMSE IMISSION

C’:‘ég = //zﬂ LTS Mrwg;

5 s TIMmeE THAT LT TAKES  TO. XMILT . EACH SYMEeol.

. Jﬁ, . ¥ /,
Cyp = o (& Fer f MOISE FREE CHANME L

Co REDONDANCY
" ABSOLOTE  REDUONDANCY I piFFe RENCE  TUIX T
MAXIM UM  CHAPACITY AND Actes . TMNED.L
R=C = Lleryp)E= GENERAL  wol
M%} n o= HOR)T= Mo e FREKE
"RELH TIVE R EDODONHAN Y
R = ézm [/dan Hix) | < voise FrEe

f TS Y
s / = “‘}“" = CENERA L

g h

CHanvwnve L Erpgicreney
- :Eafv’\by = p
71 = ' 7%:% ne 1= R,
E.CENERAL IZEYL XMIs< 0N RATE
V FECR)
&N)ﬂéz = /Z:f PC}‘QJ,) th:
TS pixa) % pixi) / Zoqp(xi) B

i



15

CINFORMATION EHAN M EL)
® THeE INFORMA TION  CHANHE L

AL M AN  INFo CHAMMNE L /13

DESCR)BELD Ry &t VWiMes H A
- D og g @ g e PR - , )
INPYT ALPEBE r, A P L R A JPEY 4 g AN e TR
AlruyederT. B g b

biS g ey ® 5 A0 B

5 e T e

P C b i Jary oo oo e

WE a EpeoT e /) (Gé)}/é;&) = /)y’ . CLEARLY, “"f’?f';% Py S
B BINARY SyYmme

EOMODITIONA L PROGAGILITIES

TR QA MMNE L

P = /’("0/@ = PCI/D =Plef1)=prCi/o)

9=

| S-S

C, ANES CramNEL

ExTeENS 10N
~CONSIDER  INFO CHANNEL WwitH ALPHE 8 & Ts
A ¥ B Anp  PROBABILITY (cohD) MaTRIX p.

f
“DEEN: LET A 5 B

[

CE . TeE ) H
# o .
A gy A=

rrENs i ons  oF A % BT
oy P o e f?’ 2 ,,) . e
THE CSHANNEL maTeas, TT, 15 Toen

PR TT/ © 9
LTI Phen

-
o (C:Lf", , gﬂb:u‘" O3

S

A&;f B <bc)a//3c)9 f"”‘/b B
THEN = P& /j( BE d e P
l 2 dn
FoORwhR D /%0/" /9(%»/{‘? ,; gmf“wwz RO = %25’6? //,&}B
HCA) = — = ‘jf 0 (A /?Ké?d)w/}/?/?/@i?l ENTROAT
/%(A/é)d’) = /9(%/@ ){7 ;f)(a /,é) A PESTERIORY  [=prr.

mﬂwm = T;Tm)/"ni e

WiHERE A 4

e

/




/&

(ivEe cnANNE LS )
0. UniFory ¢ nannvers
“DEFN:E AN NMES CHANNVE L )5 OMIEOH [ 1F ALL RO
PR 7 0R8BATIONDS O EACKH T 1me /A,

¥ /) ,

Wl- O

e ot
[

et

/

e

=) b 2 b 49

&a
a z. & ¢ 5

m?

=~ OHANNE L CAPACITT Y )
C = Map Txvy = Mag LHCr) = 11 ¢v /) ]
For A oNirery cHawve e HOY/x): h = consT,
2> [+ vk = 2 %Qg@;) /%(f&f/)qdf)\g /,
Hy ) Is MAE [T e (jm e %ﬂ == 4 Cy) = égﬁ‘ -
AN D cle%gg«mlﬁ

E. CHanver Carsciry ror Bsc

o S— P O o /9(6),')%% P Ve C ) Iy
1 Qﬁi@ " o |

HXY 7 "ot Ly, c;f - = ﬁ,ﬂj P

/ (/ |
HCT/x)= "’“/m%,f A
L ;Y= HCY) = HC7/x)

| ﬁ;wcwbﬁ%v%¢>*4§%ﬁ
C = %/@;{f L IEC;’{ e e >J =/t /Q jg%) /0 + ? Mé/éﬁyﬁf BITS




FoBEC (BINARY ERASURE  CHANN )
4 = @ ) p(Y/}() o Y

(A) O om——
A i p !

()4
Plo)=ex 4wl ﬁ@/’)zg’;?

[

CHPACIT Y

LT s FEAND THE

/Wi (X) = e A‘%A ot S ot éggj .
PC}{/Y) | 3 7
& é :ééyé,’ﬁw o)

1. o A W
HOx/Y)= w/»/g;-aq/ﬁ@fuwy%u - otp by
= @Cﬁfﬁyé%j¢m>wc;l) :)
J(x 7= H(x%H(x/m (1-9)HCKY=p H (X
.= /279;@;7, Z;W(fx, Y) = %3/?’/)%#; ///C:X) f{”) LTS
G. BINARY SymeE TRIC CHANNE L TS oM L

oo NE Qi &0 {‘v} ATRIE LS

17




16

MR O A S TS LA Y

€ Voproasn's TeennMigue

A oM LoE R { Pri o 1 Q| ‘ “ M ] o
. ~ Por PedbGod LT H(p, Y

TEN 17 enAN BE

(j) J [i-%,?' Lf) =

& O L AL
4

“Cpt ot p Ll pf N, 1 e I
/ <// } @ (! / 4 > / .‘Xt i 3 &

¢ i ) P - Pl

B = PLY A ane  p "= PL ‘f’;a.J

W wilsH  Teo MaxiAiies () VIh L& EF AP 5

MuL TP L ER S /;/,/,‘4
LET cju “p, céé;n f/.f%ﬂ;w;)a PGP e CHIL, )

:;> (4"/) = w(ﬂg_g@) & /Jj

95 = - < //;,

SETT M e ;1 ,»" _— q /):7 RS e

/{«L = “Cf) N (jf}; = ,}f‘ fi[)w
T (L, “*%%@)

EHORSTITWTING IAJ TO (D) SrpE S ,
C o omnny TCr v G- /% j} c\pg .
= p= 2 @ /,):3 20" % ! - p?
T Us / / AN / (2 Dy s @ j) L EL TS
PoCOMMENT S

K

e \) Q) e CE

(1) N GENER A, e  MOsT

SOl WVE

©
1

e AL E) o & N }“{ n
W, @
C: = 4‘3 %ﬂx 1 :2 ‘

7
(2 (ONLY WORKS FOR  SUARE CHANNEL  MATRICES
(3) 1T 5 poss

SIbLE THAT e R Eap ICH-w -,

iy

oRr THE CoMPUTERD
@, @5/7)% <

R O )T



(cone catEcon ts)
@ Cove CATECORIES  AND Ppop R s1e=

= Cj C)l) [,‘ v [ T T /*[’ L et [ e (’J’/ e 4//,7/,% Py @ el

k
= FIE, S e Sa ) B pas

INPOT ALPHAAE T THEN A MALPIMG o T 15

T BOME TR Hiprrdset X 2 X M4

Amer IV AL
s A COpE,

& e wMe o 0m cr AL PHAARET

(s THe

Tte  Covt NALPHABET

CBLOCK  CODE - N cand N wWired S S

marPeEp isviNerey (BOr wNov Nece

AL LY

Ui @oety thre X Q

= NOMN - S NGOLAR. R E = A BLOCK CODE W HERE

L EfRcn QU WORD 15 Py FEE RENT B ROM

ANY OT 8 £85.

= Copt  EXTENSION - THE N7 exXtTerNvsIion o

.y

A CODE. MAP ST NP LT e e

EXTENSIONS S0 Sy e S AN T O THE
QOTPOT  WOP P X 7TENIIOMN 5 %,

SR S 4 W ,
A iy e

= DECODARLE copt =~ A  Ccole’ 135 pEcoldol &

e 0TS b xrENsIon 1S
CNON-<=ING O AR v -
- M WM/} NTANE OS> A DE e DA AL K

INSTANT IF 1T 15

Ehceq WORER WITHOOT  RE(EE) 7O

THE  sbocE

BLO C [ SINCULAR,

it

= D ING COPDE S YMBOYL

NOA = £

o ODALLE e
7y g e LS
LesINGOLAR, AL AN TAMEC
LNON - Bpoc e o

DECopgeL e

NN LMD VAN TAN LG (47




& PropgT1E

= PREFIX PROPERTY ~ A cope 1s

158 (e Neeh sor N No comMpre T

(cope PrRoOpERTIES

bV B L3 ED

INSTAN TANE G S

ol

COLE BOoOk 4 A PREEIX  OF

IS =N e 2. 0,

~ Kenrt's 1w Ep UALLITY

NLPHABET ANE 1LE

Heopr SYMPAoLS (A

X i WHERE X

SopdE

ST R

/AN

[ —

TH e

Be T HE

e A DD T e AL

IN STANT

LR S TN S

THE  EXISTANCE O

WILTH W 9.0

T <

PO

Ny ore THE

Y
=g

ey L 9
A THE  WeRDps

S I
Zoivi I

SHow SUF |
3

INKERTY,

WE

-

L=

)

"

.y & P S
i% =3 V} t k\ S ky’" zt;‘;}/

0L Nyt

e Pre¥>

A
3 -*'Q’ m»;

CWERITING

Lot pES T

1
WA R

1F

THE
¢

&) \,)

Can

OLE

THE R

CEDg g‘i@, A b




@20

Céepe propeRTIESY

oNOow

Ny &

THAT 1S, wE MAY, AT MOST, BoiLb T WoRrES
wirH  LeNeTd il = Lo Frus, g5 owE VSE
N, wopns or venatH A, =1 L THEN W

=N, PROEFIXES LECT T WoRkE  WITH .

WE MAY Apo 0P To Sy meols oN
CONSTITOTING

THESE  REMAINING PRE1X 5

AT MosT, Nl Th ) wopDs o

£

Ny & Flr=-n)Ysp2-n r
OF THESE. THEAM,

SOUPFPEsSE  WE LsE Ny
B SiM LA R AR dAME NTS ,
Ne & r(‘} o F) s Ned = rBen, Fr2en. o
ETc. oNE MAY PROVE THE NEC . PART
OF  THE THEOREM BY  REVE RS AMS
THE AR OAT AT S
= McMiviean's INs@uaALITY

SINCE  ALL (NSTANT copds HpRpE

LNEQ LELY

DEcopArLE (0.0}, AN [CRAF TS INEQUALITY

1S SOFELCIENT FoRr THE EXISTANCE.

OF A U.D., copE, Me ML AN s T
CTHE sAaME e KRAET's ) savs THAT
KRAET ‘s ¢ N 5@%:) A LITY 1S ALSo
NECESSARY FOR THE EX(sTANEE OF

el L. Ceope,




PROGE : CONS | OE R

= &1 : } ; " = " 7"~ ’ﬁ//f’ T rf/'g e 2 P w ,(’/I’i’ ) V]V

g

bE /V) s j = Jff? FHEMN 1T 15 CLE v' ap THA .

p7
%
-

heleend

Mo ud o £ Npe =

= W' e o
e 2 c =

f

oy lﬁfa

TO BE CNIQue LY DECopARLE, WE REQ LR E

e | |
s S, L e - @ lé’;‘, %%’ , . i@{f . '

=%

€ hid-n+| 2 pnLs
Now, X A “ N fJ e X < |

- on éi
m‘—’“”"/% j%; Af )

y
ot 20

LS




4

(suanman s 1T v )

& T nanNon'S  FIR s T | THEoRE

A. L= Ave LENGTL = pa i f Cx:) 4//} e

Poo THE _AVE LENGTH _oaf A,
fowbE R (o o0 8y
e H CxN o
J = 3/:/5}?;, [N
C.f

PROOE = - EwN L. L TP as e o

T A o el ]

-,

) PV e = m % £0

£, oo "1 - o e N L
e ,!“"”4 n«/j‘;, . Zyjim - & é/ s ,«:v ,,,3 . ,
(;f;

FOR 0.0, cone s, wi o phve Melliads smes
a9 / g;«? , <
gwa*e" =T
. 7

”‘“"/}’ f’j /) <XA > P e ‘}”'”“ £ §; e
S H OO L L

¢ te L. <2

Ce CRITERION  For PMEC 7TING  LOWE R  HcdNg
(/5:, HTE 2 >
H x) £ / J
I ( Ve Z},
ey
PEY ) gg 2 L

4 <

. o e v - PR " . s -
e EQuALTY 1S MEy ovey tF PIXE R .

NERNL, e FOAy= " e

I f x/



%4
N
-

CSHANNONE 477 T M )

Tes. THE V) T ERATEMS 1or)

Fo e 3 o

L 2 Hpalsy + 4

w

PROOCE =  H.(s> <&

THILIS 5 GO0 AlwWATS. . UsE

o 1

o (sh)e 108 Hp(

2B ML S LY

N
UM TER PE ET L. /N

A s THE H opE caooe
S YMB LS LS ED  FRroOoM THE QR IGHANA L,

CEL L MPL e

L LR




Tl
¢
It

(CopING PROCEDURES

© Cooine Procepopes (Coassiedr)
Ao Surannon’s Linapy CoviNe [FProcspoes
£ HGy

For AW oPTifMal cops, WE & AN pcue e ) £L

N D ECREASING oRPER

o Y LARLANGE  PROBAEIL 1.TIE
Lo 20, 2 L L

bocompore /5 -

Aga, T P X))+ g = 1
Co FINO T & T e B MNTE S E s (SmMALLE S T X
WHIC H . SAT 1S FlE S 4 AR ST T W
&} =8 2 - B [ ¢} /7 . ) g ey
A, E X PAN 1D L Fid b S re EY T L N U
5 A B AR Fepm\ AA O Afe e T E R
3, o, O,) )

a Y . o = t:r, €
EHAPLE ! L F et 0.5, 902,

A oy
ol e A= 0,7

X 0O Ky = 9.4

£, ¢ N L
‘s 1 =l

X, = OO
K 520, é’i) 2(,01) 5 TP Ky T OA
Aazle 7VZ (1O 1),
Ay =T 2 (N[O, T xy =1 115

Kea™ O]




1
£

Coomme PrRoc EOORES)

CSHanno - Fane Copile Sesd EME

B, THE.

A, ARRANRE  LFRLORBRABILITIES (N O ENS I NG

O RDE (2

be pivive INTO P secrTiaonNs o NAERRLY  EG 04

PROEGABILITIES, ASIaN SAME S7MBoL vo EACH
COMPONENT [N EACH SECTILOM,

. AL AR DD E )RR s e e TLON AN
ReEprAT b

AP E L Ve T2

H =




NS

C. Horemanw Con Masiraos EFE1e 10 N
AR S o ROER.

AH s s RIRANG E f»’ﬁ) \i i{ﬂ ‘} NS EPET &

/
b, COng 1 A E SATALL EES T R (CX:) S

C. REPEAT.

A wor e aaci wia DSt Fre e

LYY SO S -

>
B
>
g
v
&
D

=

e Il
2.
g

I L. 2
X 9. Lo G _00] 5000

>

4

W
)
—
=
o

<

N

1y o e | g

i,

g \0000

o

X
C..ocombyeMN T

“HOF L A4 M 001 A A e N At QAL L
ALWAY.S & MbPare M0l oat o

CwHEN U e T H N TR b WeRDS T

pE SopeD MUOST B Q.= Pt e yets

2ot s nBMNY WNTE U R, PDest O0M Ay

e L T

VY Y IR TN = R SN WY

TH L oo e







, 'Zs) 2 éfj: e ‘

A/z // e

i)

THUS

P ( - HZL

A ) (81 ]




W/A/R>”"w5ﬁ)
Plaln) = P(p) =

HJN

:/?f’//// PLX,. J e

/>)><,7f
Vi

Lol AT

I f l;f@J =

ﬁﬂf Js’ﬁ/x w; j

Fx. =
%@éjm P x

EENARCE T

R

Wmm




4 2. cﬂﬂwﬁ )
AL i) ,

Ple/a ]= #Uﬁ WJ%}“{)V

ﬁ?//é“

7};% {/ =y /[“9 [ < 16 :) = f } c, A J i
Prerd= riecl/ec) |

= /g/ / - =

W[y>&;ﬂ’f<w) /

( N T




( 2. ifﬁ?*”%’?/ )
mé) )E;(*»:f ’

ﬁ/g = ,4/5’ 4 &r?;;‘ £ / /ﬁ// /;! j Bt A P »

/ PlLe c = p) A, B, C j = O FH 7 |




G

| .= '%0
4

4 - ;‘/ 0 S0 - /f/ 1

e 5 o o

/;)//;;5 - ’I///
?:Zg; //‘)( P j {// (“
/7(;(,? ) = “/ =5
\/\/‘i‘) ML, (X “D /—?
COND T oM AL M 550"‘5%%: e /)
T P(SIRY S plaify)e ple ) '; j /pCy >
LT I 7’y
X\ e v “”g; O e ©
5 > O o

|, 2O

X 0 5Tpm S
Xy 1, O




CBleowT)
CONDITION AL Al et ir
e ¢ I;j / Ka )= (¥, T g/ e ) =

>< ] l \/“l’ '.’

X i B o H T N |

- { 7 79 , P o 100 = b/
Xz &, v o6 s B S e0 15 T2 < Fv

; LS do gee 2 :

X «( o - oo tE T R oo 45T 5 | ,
O / O ) v

La1
FNA
'
Sr
N
AN
QAN
¥
N
/
A

T

P e k
1) ALy plxi 1)
= o0 Led ”1/57 1o -t *’%’
{/ = 1, Q/

I, &S odve




Hixv) e HEOTH Y )

/ -, :‘2 QE:‘ ‘7 “f‘ / R e -
g5) s L.l 3 E

{
Jo Lt e /- = /
)2 St T L

)

= T =
O-4HITE T MATS

1z
= £
D609 pavs

oot

. = | % 44%‘” = H (R f@?’ >

\/,




a

/\ H - % { oy

) ey /; - / / / /\) s i AP A A > M/i w’;ﬁ 7.
‘ , N ‘/)W /\ T) A e g e ‘ ‘
o i /

— f'\ H ;‘ -»f ;X »‘M,,?f o o f@ ,i ( | f\; - w’ﬁ};j@

e e
L L N ‘//
/4




L2

! g! ); e

e
e A ¢
q ﬂ,,?,gg/iﬂz . é% %

ﬂ7
e
2“/ /{}Vi e % i
LA

e
/fﬂl/ )




-3




Se

Lo




ool &

// ,/[4‘ ‘




8. i e

w'/w‘».)(f:)lﬁ A//}?S

// W (et oyl Vs /jf{f// /ﬁfij?"f»//ﬁ
(.

V. Py i ;.
B oot o

T(;é

Iﬂ l‘“”‘ &5’” ?ﬁl - oz S -.
505 ~f ! (/f? VA VAR /0 ‘ 7 TS




= 7 .
O =L K

LY
z /{) =

Ly

< ! o !
) ”") ){/ , /)< Z /z
¢ ! ) )
/{) ; !T.,) G
/

VA ] /) e »; =t AP
Ll o @?ﬁ%ﬁ o P AL Py P <%A<ZZ/>
/ 10 fisi /’/,f | ' |

m

5 Ay S
T I
Y T e 4
¢ yd

)
§

%
e

ﬁﬁz, ¢

/\\f et .
He)= = - 5 4 p o

H=n'

[

,%{%%f@ﬁ)
v

Q@PJ/Aﬂ/j@)m@MD




| 3 & W
: v I P 5 ,/"fg s A A W NPT
’ AT T e K e -
: e
>
" A i
’l PRIy L e . "
A LA . Lort?
/ ,




Frog  TEXT:I

o ¢ R
) 3 @ o e, E&a
g & W= | o T %0 @ e ot eoe e
AL " J &y 7 wt B

I )
P{s:Yys adl
we R

“T
=70 P ls)
A

QUILAE  THAT
&

- 4

Hoe fare

()

i W&“,n S 5 : }g . e -
iﬂwﬁ%wﬂ T ot

¥

. w
PBOT Lo =
AMND 2
2 1 (5)

HENCEFORTH, UsSE  Lod

(&@%ﬁWTMé? Fof ol e we GET

yfw /M)(f»,)»‘ =

23

BAEE

wﬁ =
HEsY=

&S

)




AL >
= ,/.:4;’ iy '*35
A =20

s

| NO
4, on ot

ING (@D

THUS

stTo O

Rcet. @

EXRENMNMA | Ee i

Ce N ORDER  FOR
POSITIVE,

i)

Lk

3

-3 aw,!;wwm "

©

P {:é @Fa?%'}@ﬁw

13

A 4 L.

we  ®

SR FoR  THE

FO  CONVE R C

Oe o £ 1L

Hisy w(s), osc H

- 1,
- Rel o
ROt O T

X %

f“)(:wsyﬂ

QUL E

RO

o » O

Flete ) oo

b adt =

g,

| < 4

el

b
“+
GTO 0O




)

a7

8,

¢
B

)

S 1 F
& g = «

~ b R
Py
o A P et A ot e b et i e e 2 A s S A i i o ,Mww W
: e e e i e e e
- - Py 3 Wi

R . . S .
- - o - ~ s T S SRR emm— T

S - - S— e

2 a{;’) 4
ai» Iéi} oty




SO e OSTRIKING AP

TH L IN LA TE

o

T A,

INTOTEVELY
A Follows ., [l
ArE  fovaHLY 7

/ A , Fa !{;)‘%5 Sy r ;e
Wett Qe WL HAVE
o i@ K NEAR 1

7 0 = £ 3
{e,f'd 7 ﬁy . ¥ L r’j ¢ "{: P “’!

LWoRe e é o el

CoOMNOL TN  OF
o INEINTESIMALLY
EVvERTS,
CORRESPONOING

5 Ny
Hi £

ENTreef

THES,

e

ST Ted Ry

L

(5wt CAN VTUNE "

Y LE T TTIMG Y S8

INTE oy

DR

A=  CRV SN

W AT iS5 HARE

& € rHE

P s

I T e R P T B

e, e, 6, ..,

HAaVveiNas AN

iy oA 4

EQUALLY Pt

LI o)

PP E RS

e, eI E T T

k] v
b I

s HileH AN DM TROESY  AS DESIR

o H (3

P ea b fof i

For oA vehwE L.

e LA

]

)

bt

EMING S

Proops CrL)TLE S

éfi ) j

T

S D . THAT s, WE APrPROACH A

INEIMNUTE  NMOMELE &

“OB AR LE
e s M

INE N T



zs, 74 £L 5376 574 9 ]
| | e £, (776 Jic Bl apn..

C@MMWW . ol

Sihome ppdf. e oot !} Sinice exlomoem, M prfr™

'gm tremiae v L irert gl Mo efuctef oo o]
A(’"W e oueoele MMJ o e %/{4 .
o Crprct” Coelir |
demc[é/v W&%/am:r% MWW r#»f"”

- L
vaf/m&vvce/ /o o M w&;\&LLA/H‘7 proben ”‘7[ ,'b*‘/é‘/(‘L >

X %L’) XL’Y}7¥4/7¥S')745;)<77X54 ?(‘?lxla}

: | }; ! / / / f / / ‘ |
F 54)4 ef’ /5 /6 /{ 31;5&{, Z,(/z ‘
Lot Y= 2,395 Ld7. | -

. . Lold ookl |
% 7/»V>( Pdwf /v\v//u' A/‘AMWC’V/ ALt 2 | |
gt The e 744”“7“"" .

Aﬁftu et T L"//vwf;ttc/(‘ eoALeo } fL,w\ ml DNLJL,_;( oy |
Wwwwmwumwm%ﬁ%w

F@é, l/wa fﬂzf At 7,‘,;;,\ W\ A Cen/w& -75‘"% //L( crhéh kfyhfjfi
ﬁww ffz&fmk/w‘..rar\ig lwz( Ard. 2 7W%,L C/.{d



,

A | ! "
: | | . S {S’ Iy 2 {,47 /)Vv/é -
: A fawuze "’Z/;W | ( ) 4) . évmm
oV . P 4 f;z X and 411:/?4
_FN S

7 ¥
-4,
1 mbé, WP/M?(

” .
zﬁﬁuw””"“" .

wﬂﬂe




4 Dewe R U
A {ﬂl ;A T e

Ny 1
| n X & / /ﬂ’}
7 {4 z o 7 17 [ /w)

2 A ,“72

[0/70/'

Lo nov | &JA?

) Lol

- e T
o M%MWL oppmel aa g et

«) ‘ WA ( ey b y
pse (F N /-

( A e &W N,ﬁ[z/‘” | >
ot L Q) e L/
eodss &/ - o, o T y )

- uctrer T He
i §ynect C””% |
Ndﬁ ‘ MU/ /;vff | il :
A CoW% ﬁ’w‘ Cd"éé’ Cn(/j






[ P 4% /7%7%%

| | 7% 5 517 f“ /({67?7«/‘
" g {0-16
N }O\,./C 6;7 dc ) (L/,w At (M"LW]/ 4
‘ ol e 2T 7. M“? 7“7
th% l- ‘ [ , ‘ ’ / [M‘ 50 W
A pold }DM‘J7 | 1 )7WL2 o K7
S 17" /
[/*/’/ Z( M @M mw and ¥
o g e M
{ 3,




7

™\

2/ i EMNS

= L;/,H F‘ég’;)

5=

.
e
.

x4 oo

o o

T
~
_

—

N T
-
N
vt
g

Lo |

oeO

e Vo T 1o | e 109

s . } ‘;.‘ ol ) )
AR 2N N Vg | 1ol

R

D
:
— 0

= gz [zt z2d+ 5+ 6]




| =2

LN

() r=3 =2 qg= 1+ Pe Yo = 2 X =2 o= | =og =]
i
2, “f Z

«- o, f‘{ & )
x> = Oz co o2, T ol




t?f b

Mot

z L j

()




[ S

QS\

s

1

/-4

o

i

S = D g




/ ;/ e Aﬁﬁng)‘y

Qo o)

P
Ty

F o

)

|V

o

—

\

N
NS

Ko

o~
%
W
e

=

/




FE§3ES

S—

6’(&*—6@ NIA(/Q ol ﬁfﬂbUN

. 37@ . ~,ém

1) /] /mw /(

ek € = S of
ouh), £18),1Lc), PCAfB)

%
o(ay , D) PR

o Tl /Zf [t <A p— /3) s Co /17\& ’/IDV
LA

szau T W? m,f e

[MMV T

/,Jd:,a

PCB/A) ' c/A

7 bt L ife o







1

Cmoiden 2 Jeeo =~ ety
St (9, A, ")
Sz_ <K|) Ky, — kﬁ’)
L5, ey prb SRR,
W l
1S = = ”’h'Ql/&)b)/ Q?/L
L& H(S )= H, ) HOS) = Ha
se)) bk 9]
:)m W) %wwm—v"] S 2}/& 5(})
7 /Liaf L. 7[;)5% ?/1 ﬂﬁw ’Z
o (mﬁn v | ﬂV/éaoj/p
/w Ll AP Loyl Y, et I
W}) L NG -t —— T
4() (///)>§L) t=10"

Y .




‘ @g«} —]L_z mﬁ(gﬁlﬁl‘i VL{%A) fuL{/\AA—‘\:(_ www{' N —ﬂ* Ej;d

| 8
Ao







/ b, = i FH O AUVMEE R oE HEA D

/Zé& /4f/qy
POzl EN

[ &

=0

A e
[ ] A".‘x

o

. ~ SN, -R’“
[0 b oo b Loa ) P




1
aciee PLx 1=PLxe )= v gty e e
= sz

A /H,w/ 4»f///fw7/{w <. im , N
pred= ploz)e Pl,adse pLi e

- 2

e T — T T, - =
L /O Fo R o ) , _} :
! / ') )g {; ] / ){ﬁ /%v'z gj J / Z X e 7 X p{:;’"f (t,{’@/

/{’
Les i ml%f/r’{fé‘}‘:“ y . e |
Q ey . pn — . W:;’ N ' "“'Wfl@’"“ l*"w fj;{:f;;:.w [ @wlm@a\/




S
S

2 éﬁﬁﬁ‘y)

/%/NW

}/;)[C‘ﬁk%jm Prl,j‘i?;} ;@;/(> {Z,{/D

’r/f"‘);iﬁjx)fg(a )ff’ﬁéw
*{[!2\5“/)% <f:’;"/ 42?,/(/@

J

, ;mcﬁ/}) = ZaBYES =g 7

/V/?”ff’f
Ple/ad= PIa, o J/rcn )v
/,f - = Ef:

&

*pf%*/@jfﬁ H/sz};eﬁ‘

( oM T




—td

&

P / // T M’j{&,

L // & ,,fj"éi”; {t’»{/f;ff’/’ 7. /ﬁ/
e g D
Ploe,cl=s O #

r./
/ Sy

<)

,!
e
¢
< N S
e

‘\,,
o

//W) p;
7
//« /) et

o . %j%/?yz«i&%‘/ I») I




e

N

\l/l

X

S

Xy -

2 1Yo
V &t

i

G/(,/v)

/f"’“’(;-,,

PEYa) =

(/eﬂfaé@}jﬁ/ WAl

ré@jﬁ)x

\f |
’[

s T
w2

£
=
¢

ﬁ;gﬁ\)gﬁ y
/@/@/}, )= /J/
v,




S cowt)
l«w) ( // PN 4' ﬂ\ oy [1) ( }i}é , \ § W: .‘

g Yo | V= ¥ ¢
X Py o O O |

2 7 10z, | |
X'z Jw_«f@/wi:;“ ’fi;, ,]1 = e ’ /\ "/

- i v

N o de. uee 2
” uﬁ% [*f“(;. !’;’} - 1:5

N
a

% . I R

N L
///X\fs :f \) ﬁj/ /J{Aﬂ i; ) o
- 3‘ "‘/' 1@ ﬂ;‘? 1 B e [ .20

7 / e } (&j] (/

o s 45




H(s)R)

H/»ﬁ) +HOT)
9 <z »7 + |- =2 ~»;;Wj .,:/

H&@%Ji
/. & / M

GO

= i ;J f""u

+ HRY= o. S A e

= H(R,S

# G e
VA




I







HE)N,= HGs, ) 4.8 5 rey

- )
v oA e
. A

ET
G ErER




\5{» //j 2‘( m/;«:@ e 2.
=(APITE B)%}:a w@ﬁ@‘)

s
/#},ﬁ S L2 ok O, BO s

= 2.1/ Haid
;v




Py

$

ﬁw




3y /jj . 2
s AW W

o

o —=ve

' /’//;7{ -

-

gl

05

Fl

/ 5

# o

(;l

e waw s

f(’)

65

(/("‘? A YA ) m/ & 7 A




5= K S

S r~
S k 'Z) X/ /)f{ ? t}
¢

/) 4 / x ' ,,./)
f /) ,/) /

///7//;/

= “Cprar)y Ly (o -or)” L
- (P ﬁ’Alf?\)%ﬂ < ”!"’@P)
ﬁ’/””//faaﬁ/i/ 7 U]

H=p'= + p ~




33

/v




FrRos T E X

-

we =T e

I S= § e o D 3
aw . | 7 = oy Ty e P

P(siy= ad”

W e

e

R FINES

e 4 Ve s b

Proz, 25 podld

#

4

Gy
= 7:; P (s;)
A

b,

BOT
AMD
S Y {s)

Y
\@
e

HENCEFORTH,

Cuore

G S

>
>
P

Jioao (2)

L A

() /’ﬂ*l (f/

Loa PASE €, a2
f

Fop o %  we SeT

4

st

THAT




¢

P

&

LT

NO  EXRE
ON A

IN CORDER  For
PosiTive, W

InN QR DE R FOoR

ALt

EXTREMA

PCs:Y N D To BE

FEQUIRE o O

TH E

I N QEf3 O OaM VE R GE p

THUS

O e o0 <AL

LT s )s Iy, Q ’x)x DY

()

Mot © RCL O

! X

L2 5 PEROSR AM

b
+

GTO 0O




S,
e

e e e - <
e & - S — — -
® ~. >
s
R S , -
§
,,,,,,,,,,,, - e i —_ SR N 5t NS
19
— — oo v e s 3o 1o SO -

w

&Y

- S - S N e e S - - & Ed
- — —k o

, - : e 3 P

J

O

H(s)
|

EN
iz



SUE STRIRING  EBSPUCT o il e Pt Lo g

5 THE  INEINITE  INFRoOpy For o Nedr L.

THAT 1S Wi CAN V“TUNE s R So s
o As  HiloH AM M TROEPY  AS DESIRER

4

BY LE T TING  of e QoRRESFOMDINGLY

INTOUTIVELY, WHAT 15 HALPEMING /5

As rottows, Feop s, yue PROAAEBILITIES

ke fAouaHiy 7

/ PPy Py P

A

Wett (6 e HAaVE

FoR A weEne 4, S ‘
(P, e, P YN (e, e e, 0 € )

Wpe 2e T THAT 1S, We APPROACH A

CoNOEtTION  OF HAVING AN INELNUTE  NUOME e
AE INFEINTESIMALLY  EQUALLY FlROBARLE
EVENTS. T “ O /, CONSTITUTES M

CORRE S FPOND NGO 5P E RO CH T TANE N T

VENTRoPY .




Gird, $-6-7¢ £ 55z2¢

S,MMWA' "29/77{ IC’ »-«Z:(ﬁz/&»;

el renrk )
W‘My MZ LA /a/wzfm 714/ 744 07'%“(,\/«7/ Cuv&w

i Sihome ppdf, / . {} Sece el i /M/,,-
’Zﬁ“’ L enae w"va /mrw%fjé Thi f'M#M”

(r).
Awﬁ'& Mg,,y M%deﬁ zﬁéw

Y,

‘;[ w%f Coclrs | |
Crosli e tmanllef 10 sy ponryedd f“f‘”‘
- . g LFre, .
‘O»VWWZ/ P '/é‘ Prm W&J\¢W7 rlen ﬁ}[ P”‘/L"/L e’

Xt x o I
'?L X 'X 7¥é/7¥5’;)(6‘})<77)<&4 Xq,x,o}

‘ ! f / ! |

P {' 14707 / L7
RN AN A Zc/z
Lot o 2 3 45 i 7.

Hhooe Nort pcy o i
F foeie ot clfordinss /ﬁ o T

év/ﬂ/?qs 5M/WM | “

Aﬂ:G./LM{ but ﬁu L,w{;kc(‘”au—im } §[\M\m~/\ NJL\T’P(W
MM (owuz@wuz il ',;\Q,Z}Luoww /7@ ﬂ%/wawz //—»/ z;»ol“
ro ks b Bt coelion] ‘

YV_L&.:-‘ l‘/L(/vv }H!f Al 7,,,;%\ ﬁ\;\ A CZ/I/'Z;L\‘ ,Iﬁvw,' //L( 6%?;[&7 %jfz ‘4

B flop “,’Iie Al e S fuil



‘ ‘ S 6 s ] 4o prt irtiibishon
PGoh)

MJ owﬂe ,_Fw S Lﬁzwﬂ and 4"(5%’@{5%.
,g#,,wof«w/a. Wﬁl V‘W/;L @}Wy/h\%

')mvw‘*

Wa;f: ~fhe

WLM‘J /" VGW/
‘ oy % (7[ TV\_W/;,( e
A 4



Lo 4‘I/DW¢ '”u. ,Fa’wl""‘;? (‘A—i% %.,#w M( A‘?c}
A: {a‘ ) A 7 ) A af //15 /47%

P.gz n £ £ /Hf
‘ 2 /"‘”/ /00//41)/ Voo

o/ lo 7
v S ety e
d’}_ %W»:M’iwwo Cju,,éw7 o |
¢) #vﬁﬁmw opphmal et
fee () =™ e gl .w%].?ﬁ )
| a/W,f oA e clors ﬁw/z i @) l/\;/( /7”“‘4/ M/W
\ Gd’?('ﬁo, ) e,//a} MW//n/’L,A/‘L"’..’ {i Z,’
| Na’& 2 §ynct L//w%wfw 1 by A W""/Z 7/
ey ﬁw yoed il /6@&»5(‘ #[’/})
He ﬁc,fuu; 'IL«L W ) NM—W‘C&% L
/ ‘ (L»] (,(w&i‘/»aé7 Ber”
CK
©) fande
() P wiawv ‘/& A (’"*LY’ L
| ({) e fvﬁ/aﬂﬂc (Mﬂa (Q.;zl,,Tochg
Q) A §, Lot e






[ P 4% /7%727%

., .,7 /Z«l s 17 b /qé‘ﬁ,ch

. _ 6
<‘_&

¥ R/(« (>7 At
. (3 76 ,dézﬁv ;uﬂ7 KM//

. . ¥ r‘
piles : //46(7 H v M,

: 69, ﬁiw
4 W‘/&[ }DMJZ; : 1 , o /@77[
e 2o O o, Al
W’// L’ 2 M WM m/wvé‘j% w




r/
0

R A

72
7 -

e ENE

[/

1000

Vg teol




=3 =2 = [+ (r- I)c:%x = E ok DA 2 o R [“/ =oq =

X
N

N
=
N

3 I
i L

x
N
o
S

Gt
L)

N

. oo ‘ a4 b2

-

=l ouvierigt Bty |




I3 ;

r




g

~

] A
W

o
»;
=

V“&’

e

7 o H(J 3 2 |

T e




«;,;z

B

£

=
]




EamaN

b)) oor cUHANNEL

(fé;f&;) = {a

WO
p - &

P-&

coMpPARING (W)
CoONDITIOMNA L L NTRAPY
SAME  AS 15 1N MH?;(

HCv/x)= = (P -e)

AN D
Wt SEE

1y

&TH ()

FROM (15)
PLY) = [~ (Peqe-npa)-&
~( Y;g) = 249 “ |
i) ( \?ﬁm = ;?T’?é 8 e - 2 6? -
i Dw

(P -g) =P

HERE
o (90

5

\l
/
ém @} @

{same

AN D (7‘%

(f”‘ ‘?’ “’*ﬁpé’?}




Now, osinG (16) 5 (17 ) e

TCx:y)= HCY/x)-HCY)

=

o

THCY)

(’é{?»j (/‘\/0‘/} jm )F;\)"}:ﬁ
f 4
m( L‘@aﬁf} 4/

,,,,,, é‘ﬂ){‘” iﬁ,,ug)

=5 !}f"g " e ("m

f‘;/ [/;{} 'Li g? s

“%\

FROM () ;
7 f{l@'éf} g[)@jwwj% (‘,%5 |
- (L2 P)

P ( [ = 2 éu} {‘//? i - (, f)“f” 6:7 "?P ff?j) é)
v + 2e L

TO T ER O

SETTING THIS. 7€

«9%@? g w‘gg
55 f Mé

- f)éj
(i-2Pp gg

Z ER )

BoTH SlpE 5

T iy
: R -G/

g#’iéiéj Y

/’fﬁrr (g&*) f;‘ija




EORSTITOTING M T U B

,’*fd‘

= Tk e

2 =(f-e)ba (Pre)- (p-) 2




ey peENaTE
ParT

FAMD

-

1175

&

THAN

EAR

)

(noTE
ME NS LA ED

-
(a)

t2(%

i

P -

B I ”&%‘;’?
. & il

£ TER

HAWNNE L
MAﬁf&(%}

( E VENM

[0,

1= Gy Cp  WERE

BT S,

o




Bos MARK=

qEsT # B (DUE %/ﬁéff%ﬂ KM””E>
Fropt e Ms
Coneg THE DAaTE &-1& 1947 LS IME& HAMANNS '

i; | N (a’ . L L: ,,V:) /%{ (,) ‘)Q ‘»a &) ,.J IL»!\ / (': Awi"“’ c!"\,i a“’i 1: Fa é,) {;« @ A;’ d L

CTHE S AME NUMBER  ©F £0m1TE ok e ACH

OF THE THREE NOMBERS. 1IN THE

RESQLTIN G cople SEQUEM: paeEre

| T -

AN ERPOR N THE LEHDT

PUng T C.OF VT VA T A A

Fano BooNb )

For m= & oM o R

CHoosE  Twe oF THE PosS|RLE

27 NOMBERS, AND PERFORM *

HAammipe cept  (siNaLe e RRor

COP R ECTION \) e CONMP O TE

o [ ERRAR WITH HAMMING 006
/ji é: ¢f L/ g@@f’

[E———

fAese, @vai vATE T E CelR R E S oMb A

OLT HAMair /e C

Flepp e en MU T,

S1OMIF ICANT



W s e T O

(747, (/1 /

Yo = (10O

;)@ = Cll !

)
)

HAMAMIVE 'S

A G e

@

/

O 1))

[

Cee s d

i '”“3



.

Woe o o wilb L v e THRE E

SEPARATE

A N UM P E E

coptb Wl

New 2

R Ua L LE
te,

Wt e |

CEVIE M

i {;)I g é 2.

- |

P ©H 3 b oy O & O O

Py @6 4 )

P, ®odO® | ©® O&OG OGO =p 7, =

i s
Yzt

Ce ) (NG

l,, «..,m\ Ty T Se—

15 L4 1

= T T ) &

Pel @ @ &0 .
ib}ééa i@ | © | T

s

5= 1
Oo® O®OBO0 == P =]

= A




£ \ zé gy ‘5 2 £, ; 4

EiMA L conlb  FoR

= 0,

OO0 O B00O0 1O 010N o et oo o0 od

AMiEjeANT

WE WIS H IMPoOSE

.y ) .
n't Lepnst =ia

O R ECT

AN

COPE, AND .
T O IMPOSING
N THE L1
BT pF w7

TRACT 11 LITY)

W T

wf@[g@fl ! ‘ﬁy

N ces 19 1] e

ICaLE =Y ]
BeNe T

A Al ¢ L A/ =

of= TH =
T BINIT

o MU teA M

Ai}f Fald.

ML



Sadist, " - e

' - e
- ;

Y S~ ! a -
. 9n ﬁ 9 6 k? A 2. |

| . N
b o by @ I g g
0 - h

CERROR 7o 8E seovTE O

3

owle L@ |le 1@ 1.®1 D)
5@@!@&@@%:@3@ fﬁ)a@%gﬁf?g
O DB & | ﬁiigﬁjg@ag
J @& 1O & | @féw@@;

)s (0 PP AP (o). = 11T Prace.




THIS PROBLEM | SebVED N ASH'S 8O0
/ THEM 2.7.5 0 p £ ,ﬁ} . WE HE R e

PARAPH R.A S E T, WE pse psH’s

No T4 TIeoas,

S N EE WERAL -, we M a4y
pall i el Hézw«H5@
Wt ER e

K= (%, e X ) = (W oo oy @
A\
)
oA

(e , a0 nT* gugensoN

1= wE pRpAVDoOMLT M

DS E OV
INPOT S1ENALS (EQuUALLY LIKELY)
SO THAT
{X:§ = 3/;*?; é:ﬂ

WHERE THERE AR E = IM/POT
wWepr s gTHEeE A4 M o wHien 1= Xi
IT Fotteoew = THAT
= 5§§ = ?f'ffdgg %)@%

WE  ARE £ M@“qu THAT
JCx ; ) & Fe A lxs,

TH US we  mMmAaYy Ll f‘?‘ £

¢

7, s - H(XIY) £




fa/

Now, Tt £ ﬁfﬁé‘/ EAPACITY IS

f}{/?’)

m;g; T (x. /Y’d> <=, C = n<
D PECOME S
Ly 5 - M CxE i Wgws} = ,‘
AT @&7’%{/ = POIN T, W e Tl ZE
*® s T LN .
FA4NO '«  povNb (THEM 2.77- RV, ﬁ%@&e@g -
) ) — é’% » T, y
H (7)€ gmﬁ ot PCE) L

TH U S

W ERE ; N
Uy = = Pe / 4 g”{@ = (1= Pe) Ly Ci-Pe ) o)

L weE AV B i
po2t PLE) X

! TR, | %
we pesT  Pow prel (leupecrep vatve ) § =
oroesen  tTe PLE £ SINCE THE INPOT CopDINGS,

¥ THVS THeE Prlerrop % ARE  RANDOM PRocE 5265,




{we

M s




EROM PART (A )

ne o« Ly 2
Vi
PCE D)

P ‘&
ya " e . ’g X
(/yg (i LS AT capd to T 4

Flre e dd & e




WHICH, For.

THE  possi

A T RV

P{ﬁ) }
CLEAR LY,

WEORS T
OPLIO LS Y
/

W TrE ”
THAA

THA T

& AY 4 o, < g
</

Y A LM

AT Y

T E

NP TeTGCH,

Fixep A,

Ley
2

T

y N
/ oL, /J f é) WA paAET L)

P ) WE HAVE

2 & p] eV ET

e g,

THAT s

5 f‘?‘ a3 2o f:

EacT

EQuaLlTY.

=
w

A EtXED pPosprive

PRI S




We BeEsIN BY wRIETING pDowh THE .

P ( % j %\ o = (ovreer sympars)

g
|
a. ¢ a»e.,ﬁ%) ! :‘* {2)
T
A

EHAMNE L

-~
/s /s
L SN E  THE (N DMIECR M, EACH

. s g
LUMNS MesT A00 TS /8

w? @
New , e AeE  aIVEN THAT

THUS, THE k@éwwﬁfﬁgwﬁw ﬁWﬁ% @a
5, = ) o = b”
Hp/R) = 2,2,

jo e 2 f) (a:/bj) (3
== 2, PC%‘;PC@ /b ) Mg WW%)

SENERALIZE

\oF | Ts ee

L

2

Wittt P eEN 2

LE TS NEXT

T4 E JELA T
MATRES

o (D ey

F)Cg;j!é

2y MelTiecYING  RiLe ELE MENTS

a; : ()

!
A T , /r

L
)
3
n
a———
[




Hla /Yy T w5 E T i’i’(aé;/bg},%ﬁ(ag/%;}

LWow, SINCE  ALL COLIIMNS HAVE 5@U@%@L£M?
EremMENT ST WE MAY . WRITE |
S R
HiAJp)= 5[ Zi s

: o ) i/ . é é:éi@af! A)g 5} L ;

WHE R E WE BAVE ARBITRARILY
TH E d = co L WAMA/ [ e

| LE T's cHeoseE  THE  MAX
Lt ecrHoeD Gloe AL OB SER wER )
pDEeci= 10N RUOLE . )
P(@’%/bdj) Z p é@;’/%) v A
THE  VALULE, [ (a ’55/ 5@) wot L gz oF
| COURS E BE  THE SAME g
TRE PROE. OF ERRORA ]S

N \ AJ , s/ '
Pe = |- if)(@%fé%;jg gmfng”@g“% @%)ég

v

N pip rerisas e ROER



LET THE ENTRO Py pAssocldA TE D

éwﬂ“ﬂaf | 5@“ pE ) |

By THE AODITIVE RULE
EN TR OPTE J /7” s o8V @/u / é*f‘%% *?‘“
He =~ ., plas /by ) @9 )
THYUS, SeBsTITOTING [N TO (&)
HAVE  OUR  DE SIRED ﬁ@y#@

THIS ROUMD s MET
FCa; jf } KA TR )X

THOS, AY AlLso  OUT(ClZMNE THE
cAN WRITE

-

?ﬁ«ff A ¢ [ U A / é*{a W e
(For. e ctvenN  UNIFORM  CHANAE Ly ¢




Y e il VS
| PERMISTSsABLE
'7*“1@53 AMND
Easy  oNe

Fo R o B B o

THE Caopb

(Z1),

COMNG

b, @ ) @ |

WE CcookLp,

1

AND
IN LT

% Fppom cLASSE
IR T YN Y I ]

~ e

P, @ | @ |7
P ®lo1® |
Qg@fﬁiﬁ

)

ENC o pE AL

ot & B B2

(/ = v o) y

P Ay b e e G

ceonl g

&

T E AT . A AL

E e E

- € ¥ ()

o

. kM
CLE A LY X

tad ¢ b =

O @ & O i O
e :

Py

o O
é?f 'fl Afé
£,

@ |

o,

NE O VRSE
" -

RS s Bl E

MWe D5,

oYWy v




M PUTE  TIHE EREAOR PRoBARILITIES,

“F e

WE wp . A SS0ME ALt H 2. WwWaE pHhe

WNoTHE NP YT RLPHA BE T 5 T LS
EXAMPLE, i oooc] BEING INTERPR. A%

LEOR

=

SAT e @ G AP
4 /
%%A

VLt ARE A THE INPUOT  ALPHABET )

For THE UVNCopEO WwWorD, THE
2 @i% A LLETTY N 11 ¢] N S ONE o

WHE CE P 15 THE pPrep, A O 1S RECEIVE 0

As. A& ;ﬁi A "”V @ VIsA VERSA e HE M’{f G e

-(E5) = q901 %107 Loodq0]

ForR THE copep sSacMe

mmﬁwg

= OR

%}

S oo éi.—f:f//'//)ﬁw rocls Be v e P

G q4q0 4.

L Fteor e of MERITE B.oe BUDE T &G




~ 1O 7/14 /76
<))

Hopme WwoR K

PRoB; weirre oor P(A;, 4?)& Cr) N TERMS  oF
VARIGOS — CONDITIONAL % MARGINAL PROBALILITIE S
FOR  7we  EVENTS
PCARY = pla/BYrie)
T Foliows TTH AT
PlA, p,CY = PCA ejc) Ple)
=P/ ) p(sc)
= pease,e) FOB/C)PCS)
=Pl ey c) plefedrien
CLEALLY, WE //( OINTE AN S T A B 5

I3

IN G ALY DES 12 Cn FAsiopn



7 /147 7¢
~10- (2.

H. W,

pRol: You AavE & Rep Aates AND 0. A C I
BgALLS . To¥Y  MAKE Fwo ORAW S, X, Anp Xao
Frho  JOINT  MA REITNAL, AND C OMOITIONAL

PROBA BI1LITIE S,

7"(:}7!}&@ r%; QN ’z W ENT
: o f o= L F U AT
FIRST O©OFF PLX, X o | SETAC et b A

’ nl .
perrinvina b Coay © GEL
FoTAL A RELEVENT EVENTS ® Co,® 109290
(rorar WAYS To &ET RR = “Cy= 6:57 33
TOorAY wAYS TO o 5T Fops bt | = 2t
% reral wAvs  Te e T B, e Lr =zt

“‘\

7 a P ) Z/ - [
ToTrTAL W AYS iz B N | 5 K= C; e | 2.
) a2 ‘

o e Ys < pfw- ]
B Z4//&% /1 ¢/ 5 J\"Lxe[jj

pLxaF) PLx= R
cONDITION AL MATIIX PLX 2/ 1= ptx xe )/P(K
Ke




- b= o 711575

" e - ‘ {) ‘
PROG ! coNspte T g ot /)a/ S

‘ v
/i\ o,

\
Ve .

},, C,‘:,-/"/ %0 ?e‘ R /“i\ Z/',;Q fi 4’;",‘(’1 .

ol

4 Yier ' /f\ F?// &

> Ko o n X
Esian prNG Y=

s RE T O 7 \'!Ai‘ & Y
/"J(,,X},_i‘f") & /53(),\/ <. };g/ - “Z“)




- 29 - 720 -7¢

HOMEWORK
DEMONSTRATE THE FahAe5 THA T 71 éE AVERS &
ONCERTAINTY OF A SYSTEMIS Nor pFFEEC -
THE ARRBANGEAMENT OF E ENTS ‘
' .l
Pin)=+  playe o PCe) P Cp)T &

CHSE L

RS Y5 = P Lo PLA) = PCBY Ay POR) ~ PCeY D PCEY = 1PC0Y Lo €D
- ke A, y
T L 4+ AT T .4, =

. ) P - :
= o+ 3 45 2FEF3

-

o e R B B YE

CRSE 2

© 3

Py PCD //)L/ﬁ
H(s = H(fAP@ :)=+ PCA ) H( ﬁ“(/?)/ PCAY), PCR)

= bz vt Hh 2
/4 Yo Vs 5 Y2 ]
[ //:L ® yq 2 Va jé »/ﬁ'

/*z["lﬁwwgﬁz*’J‘“‘qu

*1*2(:4”‘&'_} /~%»"31 = |5 si7s
CASE B¢

sN= H[plare 1
H(s) = f [pla+e) PCQ D,Q{ ’ [ oy pCed
+ Piprs) H [P(A th), P(A Hﬁ) “"'p(f’“’“@) HLpteiny, beero
PLA f“/?j’”g/é/ PEQ+0J
2 H(s) = qdé 3 SR 64 4 + 5T Lé&/‘?jﬂlﬁ 2+ “?/‘l«‘gt w]

Ty l:;//;ﬁ; z.l

_ 3 2, L v;m[_..Lw i M]
“ﬁ‘th»fz%13+z L3 «ru:’a“*‘v# 22 B ¥
o3 oy
"2"”2 AL

zZ .2
-4 = )R RITS



~5q~ 7/21/ 76
FrROM TEXRT
(2-8) p- 4l
5,‘&5‘}({'/ I@@’fg} e ‘;70) ;
Qz“mx(@,'é%éi@é?&ywwﬁ @f’? ()
S(N) = Cr*., Payee, Py 5 s, Sa, Sg >
J R -
>(/\3”/ é‘iz‘ e i1 ' )‘Qr ,?:‘3?2',}\(593) 'ﬂﬂ{‘:\‘)«f’&)

EI) SHOW) vH AT
HIs(N] = AH, + NHzt H (A
Hs () = “Xg'le? LoAe; ﬁf NI
s =) Z‘Zf\/ﬁ' /T A gi“ Pr Lo
TN Ey Gy e W - 5 2 =2 Qy Lo N
= >\H “’/\ré)’:a«x\"f‘w}\éf‘%zm ,\,%MA
= ‘\!w‘ :a;;ﬁ;"’)\«{zﬁ >\ "W;x Jg“ b

o HINY= =ML d e hdu A (o ArR=Ed)
=>H ch)\)j = X H, S\ Hz + H <A>
sy

TWe SOURTES, S b

A

IWTERPRETATION: BY TAKING
£, TOGETT "“’i"é:iq; AND LE T ONLTY oNE GENERATE
A SYMBOL, THE EXPECTEEL PROPORTICGN OF
TIME S, SEWNERATES 15 Ny AND Sa Is N=1-A,
THI= CROGLEM 6IVES fw@um”wcz ENTROP Y.
ho FIND N THAT MAxia 2= HLSCN))

gf%JH[f:(}\\)j = }"l/ - l!”li'& ‘#Aéfg: H{ﬁ\’\} ,

HQM I”ﬁ!(:)\) — ﬁ(ﬁ%’% ;*\\ﬂé/;ﬂ A - [;{:i}‘ C" - A),ﬁlf%g/ {1"‘ ;:'\\)
NI RNSY

;/@»IA”’%‘/_ +¢,¢f?(/{ >\>"’m“‘;‘}\”

0 WA R(EPY R Sy

- 1= A
/ e /Z%L- A 9. = ’f\_d
>i’ HlLs( = o= H, - /w# fon. ”’“‘:g’f”‘”“”
“ N - H e

”’>/£‘w/\“" v»~>,w,::

% (|- 0}3#1’, ¢M>>\(i+€&m!, Ha) E

R R
°f i J - e T oy g

‘ o
HESOW) = Sy + [1- s | Ha
= Aol ho = ol Na

“Ha

LR

ETC,






7/{/;::?"‘? 7/21/7¢
(G I e )

reT X T 5K, ,Xa) pe (o, i)

p v, /5, )« £l Pl / %2) = & 10
PCre /Xz() = o 35 plre/Xa) a7
P(7a/%) F 046 p(’ﬁ%/ Xo) 502
le Fino HOx) '
MY = 7L b+ '{? L. ﬁ 20,582 NATS =081 BITS
2o Frwn HOx, ¥ )
PCY, XY= POy /RO PO, ) 2@-25)(0.25 )
PCY, %)= PCY, /¥ POy = (0o o)(o, 75
F)C‘@‘/ X V= (. z25) (0. 25 Je o.o0w 74
PLYo, %a)=(0.7)(0. 75 )= 0.525
P Vs, %) = (o) (o.25 )= o,
/’(fg;/ X2)= (o2 ) (o, '?\(W} .1 h
H{xX,Y)= 1.42 nuaTS = 2.07 &i7s
3. Fivp HEY) |
PL)= 0,002 5+ 0.075 = 04275
PlY, )7 ©.0% 75 to. 52
PyD= .25
- C‘f'} 20,9280 paTE F1.BZ CITTSE
iy, HOy/<Y= HEX, ) = HX)
= 207= o812 .60 pITS
5, HOD = HOx, v = HOY)

T Z.o07- )33 = O 74 8/T5

y

b

=S



pled® XQC@,p

z PC@/P

VP (OYE

g5yr (0%

M



7021/ 74

/M LIS H  TH AT
"“’v’ e /) b MY edr B/ %)
4 %’/ z/x)= H C;>< Y# ) - H(x )
Al /EYE Hre) - H(Z)
Sl z/xY = H k2 ) = H(X) i
S HOHE D lwf'ti%)” 2 (H (x2)+ H ("‘f’éf?jj - L H (XY v H C§35>] |
Héx%@D%‘Hﬁxg)w#é%%)M%M%ﬁ |
/ Hexz)t H(vz/2) |
& H CxE)r HO?)
ey remma, flab) £ Ha)rHb),
QLR PROOFE 15 coMPLETE
coH(2/X Y4 H(=/%)
H(m/X,¢)ye HExyzY= HEx,7)
Hlz/x) = H{xz) = HCx)
Hixrz) = HExy) £ Réce)-nix)

o R -
g INCE P

Hixre) s Hxy)r H(xz)- H{x)
:4 HexyY+ H(zx/x)
2 H(xv) v H(2)
oY sAame NREDMENT WAL e e e nE
HCY, =/ E s H (2 Kr)
HEY, 2/ %05 HExy e )~ Hx)
HE v/ )= YD) 1
/X)) 7 HEX Y2 ) = (X))
Hixre) = HOO)+ Bixyz) = Hxy) |
O = HIY)* HOxvE/xv)
TSRS

MO :

pPrRO&L EM  SHowl)  Haguve [Re Ao

v 2 /%) /) (’7// n,/



722/

ml/\:gg.

<

TEELIS ~

&=

H. W,

=
/.

_ <

Wl e b

=

28 sYmMBoLs

MH-AVE

W)

ERPLE e TED

) A5

W
o)

Y= n B

e
e )

H =(:

1.5

THAT



A V)22 )70

PPrwWoRKE olT CoNPrTroNAL maTRICES N TERMS oF
JOINT  MATR ) cE
THE  JOINT A TRIR e
L S O
X /Qc’)(,,?’,_) /9(%; Vo ) /"Q(W’ Vdj /j{%’ 7".»;1) /d[x,)
Xao  PlAe, 1) pPlre,¥e) PCx) P CRa Y| PO

B , /

X /5) ( Xi P 1L > jﬁz‘wf y; Y‘z x /;) Cx - };_ ) g’fj'/if X7 , fy;}J & (1&; X

" |
ﬁ_(,agw/ié}(”/‘f') )Q(Xm\f’?B R !@(f’x}a %’f@) ; @73<X% ﬁ&;i! P{x m\'

P(y,i‘) /aé }19) . gﬁ‘;)é}g) . ,z’}gnp)

For coNDITIONAL MATRIX H CK/W) , REPLACE (
(4,4>"" Ece MENT  BY  PXi/vi)" PV |

PORS NGy
broe HCYIX) @ Pl %)t Do)



O Prlsene e Mo e e ER e CHANNI L X Y NOE OENDENT

srven POx:y MATR 1Y

)

H ( / f,‘;“"" Cy ; g a;,,',l,,,,l,j’ !) s a \1213 fj'z /9 (X p lf; 4 )

T U POy P vy )L pCxid pCiy)

-“L’a .—','f,. f /){}{A)/)();/ (’}g />(><>
= 3//)“(};)%4,/1{1’,}

«;3 Dis e RE T MO s A L W M) e

| Sy VS
P R ST S R )

¥y /91 ,/)/ /)( /)' f /‘)'
X2 op P //49 /’) n ff) v

‘ v U
H{=nz. pr Lo 0p)
T - d -
= TN o= /f)g /} I /f’?‘@'

@mwf@ﬂ%ﬂf




-y 72 )
TEXT f ‘/} A K&

PROG  BH i 2
P/—?r’)w THA T f{/i ! ; 3" )= 0 T CAE )
Lo g b /;) o hs)
(/ = S A e, Ky
NoTA TION |
PlLag)= p PLL 1= 1
{ oLacbd= Py plai/by]- /p,g fre-
f/)(u{ Y= [)“ e /{) />m //JJ\’/
(!4\ /J )= /W:)d P (@f‘ //f“) Q f;}j}f{)f Fre,
NOw )
TCA 1)Y= HOA) = HCAJR) 2
T oL Low s THAT
T(a": 6= HCA™) = H(A/e ‘) (D
Wi HAVE SHowd (£, 2515 on rg = 1Y THAT
HCAM) = n H(A) @)
THO=, 17 RemAinNsg  Teo fHew TaAt
(A a) e n HEA/B)
N ow - /
Hlaje)= "2 pee Ay piy )
T74 Uj T‘f ; Q[ fﬁ/&
HAYB") = WQ P /f) ;:)‘;;/ﬁf
Now
o= elaga:, . an, b
=Pla; /)a Irla., /f)(j/;) .éfff’ff:f ; o]

P BN gl . / "
f( /(« f:i”"j(} a2 7 /21

Frof By




- e & e /z,zr
P ple/

plasai..

B

ré

2 e
[ Iy, C)' [ Azl
THUWS

r'
F%CA@%f)m Z Z

QAﬂ /kv)&‘ )(ja

f)k%;/k? Jf ZQ@@fé ..

- Pinlp

P,J‘ fﬂZJA e

"% [f" /g. Fi %w

YN

Cpraidbin

L ngin j y

wafiwg;]

i




H'(A/fzm

THUS
- (A /ﬂn =

SPRSTITUTING

r )
=
v L

/t{'d&f‘

)
g);l ’Jé 12 ' # i{g "

nHale)

THE  pROOE

TCAN B "

e

P

A Hea) - nHCAlE) )
n T(AB)

P e o p 7 Q;?,‘w(;,;, ;é,;iw ﬂif
THIS  Awo (2 IvTo (2) compPLETE S

i
5 4 o S



w7 7/ 2

PRoB: oM THE per. or MUT A INEQRME Ty et
SHOW YRHAT TCXyw) e HEx Y+ HEYY = 1 %,’ ??ﬁ} ‘a)

T (x) - HCx /) (b

= HCrY- HY/x) (o)

Ty )= .Ji(’;«fM ')

= 4 /d plxa, vy) Lodxa, vy ’\)L ()

ZaE, P ke, ) POl gy

b, ICxyys =, o-:j /)m, Y, ) Mf”» re iy D/M"@
Sl /J(Xu’;{ ) *’é(jfx /U/Ka/y )

i Ey plxa, Vg }M&%fw 2

WZMW'?” X,y ) 4/“)(%/7’;‘)

- = P X }J%; rdx, )
3;'mH'<></7”)“*/’4ﬁ\>
= /m)L(’}(\) - ) "-;g '

a)y I(«v)= & &

Iy
4
-w);

c::mj S TP f@; g W( vy )
=OTHOX ) - E *(’x,)ﬁ» /w pc / «@
Sl Y ) (X)) 4 fi? )
HEx)+t HOYY= HCx v)
b, s7aRTING I=ROM (2 -

Ty = EE p (‘x@ )zj ) /

Aoy K o

e
[aeperre

= THLOY/R) T HOTY
=HCY) ~H /%)




DSING MUOROGAH le TE ﬂ‘HM'@)(’JL;

cppHCITY FO P,

) S
p=t %? «4

=P s f e = «L,,)
o ]*“)4

é&uug{“‘ )
- H (D
[ = HGT)

W E W ANN A

&, } )
s I

-
“0.8112 7%

3
Y
hd
2
1t
s

- 2

|- 3 Do a1 1278 )

L - 2 C@‘;«zuz??é‘%)
[ 1,37 74H 3% &9
= | -o.tz2585 6 e

e

1

P

oy €@ g g
247 o 22 e &l

gl E € Ha M E L




THE N

, @,

% LLoatYl R 2
A ,l'g

o, 045 5 210 BITS

3

USING THE GRAPH /
P — P,., = i%/zy/ = Q}l, = /.35

IR
o= "0.C

CT oo.049 \eiTs



s IVEN

\ R
) f/’)w /’:)fg ) [(» bl

& & 2o,
2yt f) f e 2 g 9 /’ 2

¢
j/) e ;
' d

;é O T

(X 7)=

MOoW

7/ 28} e

AT

e
H(f) = ‘*‘/Q,

gy = DU ey Pl G <
= 4(;\«% Q/y)”(gl 4‘;’?’3 qi,,v?‘} (J/M(&)%}%G’ﬁ /

Sylyy L /@@ >




- 7=

START WITH Sl¢ e

Forp. S35, Sa...

AN

N
Fop S 88, . Sgd

B Ot

AN INSTANMNT

cepn e



TERT: PRen B 2, p. (3
(éf’:?;g b’) INSTANTANEODS cobne s ARE
s
a, CyE
ALL INSTANT copEs ARE pPECORAPLE.
THUS  a,C, % & are ww. B s Arso
U0 (BoT poes voT oBEY THE
PREFIX PROPERTY), "+ 15 NeT L0
5 I /\!6 Lf:%g _5/‘ 5' gg_ y’:'i:' Eff:f;’ 33' é’ = @G’) /CJ Cy‘f)
D s NO T O, 0., = )N BT ‘5‘5, - 2, = '<;, fﬁ;gi‘;‘ﬁ e /Q ) O
To FIND O AVERAGCE wWoRrp LENsSTHS we& P

é?);’ L 22,125

&

C: L= z250
Qjﬁ Ziil,%g?fw
y’f& g L= o




S

S &

Flra M
A, MVST

7] B )7

FE AT P ok B8 PE &
S HECK VIA IKRAFT
Fd ptie w0 vert 2t
MERE rr=3
¢ Y 3 R/S ¥
cns X2y x  sTe e
ENT e RCL ©  aTe 0@

I 2 0

| Z. 2

20 220
220 2.2 |
22| 522 O
2, 2. 2. 222 |
2] 0 22220

2 22 2 |
22 2 2 2



G070

- |-

QEVIS E TWoe INSTANT copee =0 (9.

e

N = %c:»/ 3,0,5 2 Anp W“jf‘:@, y Wy}
copr #H 2

B

COPE “/»‘/i" !
D

s, O
Y. 02 < |

da 1O | ) O

sy OO IO D
Ss 1] O™ | =y
5 1O | e
So i@ BN
See 110 200



PN (R = 2 < / =z 3

—8 2 -

ver Y THE FoLlowNa Ccopt LENSTHS il L
W e <. ey el =y = Mﬁ/ﬁ T =/ TS = TJ
/éﬂ = L .
<. A A TS | N ;% AL \j_ﬁ -
) ‘ Y, ®

e s N rTt e

<
>,
it
ANAN
S~
0
@ B
G

5 P
o
N

=
=
Sy
B
0
W
N
G

pey




e,
[

CoMpPLTE

HExY= 1L w5

o
~J

L anvo HOx) ror

X4 0.4 QG

X Q,’Q‘ /@/

3

Xy 2| o

L= (@u)(=)+ Co.m)(a)+ (o) B

5HITS

AvD, as exbecre D L 2ZHOR)



TERT S/gz,@?i

&

)
L /‘

5

o, 4
O,z

oLl

ol

5,08

O.085

VX o

HOHA=7 D REQUIRE =B+ 2t =p LET ol 7 .

o
z
I
l 2.
{1
[O2.

jooo

ool |

DA

JOO2.

s

ANOTHE R <Cop i wealllpn B

75“' 'L”/ ) fj”g J w’q ’
2 o0 o P.R 2 Yy !
Sa o) oz [H0 O] s

\ )
! 5 e 20 /l \' , |

S5 % o0




~

TEXT p.a (O =) 2)

(4’(‘ y Fer

O

Q)

_g

G =6, wE SHOLLD

&/Y /e



A
S, 9
S b (W?m/ m LOO®

o L
» (&}

o
& wlian

S ‘?

o (i: g} .

] “a
< ‘,»f” ) @’ i‘ (}

e

copE (N L A A A ‘:)
oor [T oy i

<’ 'J 4
.:)/ (“/

L
q ool
}

AHODO

!

]

J
o3 |

He

Toaee [ ao |G

Yo )

L.

(w

e

-G ] el

g . Lo
o 08\

16

SRS R SR

oo | 4] w

419

C¥Ees / S

&

C\H" N -
g \ Joleleld]

“‘?)H J HOO '
4

§ "”J,&* é,‘;



ST R KD Pt L e MES

JoHo a4 (715 -78)
Voo Y Froem TEwT (7210 76 )
LMo 2 Prop b

VA H -0 3 2 PRop =l

v L AR O /4 / 4 f Lo&f o
e H - #H 4 (/4//{ PR o A f(‘} - r{ \L} o £ Al Ty s \% (=~ 2 %~
7 COAMARYNY gt T PG T e S HANE z)

Vo= FROM e wT (oode 7 )
Ha, 8 o MNoTe =, PRoVE T A T, e A M ODEE A AN A
cont:, H Cx) e Lo HOx) - Cs-4 -7 />

Ce 87 e poTE T, (5 - 5-9¢ 3 DATE OO A

e coMPUTE B, PROG A M

A RENIING  SHANNON'S  PAPE R

TARE oM TE ST PROBLE M




. i J o
L4 i
v (1) L
Ty %ZILQN'“;{ A s b l MV\T"L a/ ’éj"ﬂc/(:wif I
o »"f,f
[3 08¢ Z)é{ a_ufc/cwu"n /Z) . CZ j L wu«ﬂ/\%{ PRV v.u:‘».\mé_&,
Sl | Ke b

/
/

,é’ﬁtf'{xv‘vﬁii"ﬁ }aa SS LU’ "”‘/(}“W@ B

. /3
P( B,h/ﬂlﬂ) T < m //D P\ h>

2 P( o /B ) . )
T} ’
Uf/



‘4/ 26 INFORMATION THEORY

\\Q A" A change that tends in the following sense to equalize a set of prob-

abilities py, . . ., pyr always results in an increase in uncertainty:

Suppose p; > p,. Define
P =pi— by
P =p:+ op
where Ap >0 and p, — Ap >p, + Ap. Show that H(py, e Py >

H(Pl).: . -«7Pﬂv[)*
1.7 (Feinstein 1958). Let A = [a;;] be a doubly stochastic matrix, that is,

ag 2 0forallij; DM oay=1i=1,...,M; DX a;=1,j=1,..., M.
Given a set of probabilities py, . . . , pay, define a new set of probabilities py’, . . .,

'b
Pﬂ'{ Y ar

pi =2 aip, P=1,2,..., M

i=1
Show that H(py',...,py) = H(p1,...,py) Wwith equélity if and only if
(pys .+« » Par’) s & rearrangement of (py, . . ., pyy). Show also that Problem 1.6

is a special case of this result. (
1.8 Given a discrete random variable X with values @y,.:". , @y, define a
random variable Y by Y = g(X) where g is an arbitrary function. Show that
H(Y) £ H(X). Under what conditions on the function g will there be equality?
1.9 Let X and Y be random variables with numerical values 2, ..., %;,;

Y15+ +» Y, Tespectively, LetZ = X + Y.

a. Show that H(Z| X) = H(Y| X): hence if X and Y are independent,
H(Z| X) = H(Y)so that H(Y) < H(Z), and similarly H(X) < H(Z).

b. Give an example in which H(X) > H(Z), H(Y) > H(Z).

1.10 Prove the generalized grouping axiom.

H(Pb- ‘. sPrl;Pﬂr1+1; e ’PTz; e ;Prk-1+1’ e ,Pr,)
= H(Pl + - +Pr1aPr1+1 + +Pr2> cees P + o +Prk)
P"‘,‘-l-l-l PT,'

yeey
Z Pi

(Pfi_1+1 T +Pr,~)H i P
) J=ri 441 J=riq+1
111 Show that if A(p), 0 <p <1, is a continuous function such that
SH pih(p) = —C2M p;logp; for all M and all py,...,p, such that
pi >0, 2¥ p; =1, then h(p) = —Clogp.
1.12  Given a function A(p), 0 < p < 1, satisfying

0<p L1, 0<p L1,

4

i

It

a. h(pips) = h(py) + h(py),
b. h(p)is a monotonically decreasing and continuous function of p,0 < p < 1.
Stiow that the only function satisfying the given conditions is /(p) = — Clog, p
where C > 0,5 > 1.

¢

Our first application of tt
will be to the problem of |
“noiseless” channel, that is
input to output. Thus we d
our only concern is to maxi
over the channel in a given -
to be transmitted are gener:
Ty, . 7., Zar. A noiseless ch
that accepts an input from ¢
and reproduces the input
error. (The formal definitic
until Chapter 3; it will not
communicated properly, ea
symbols chosen from the sel
code characters to each @,
Since the problem of error
cation would involve transm
time. If the rate at which the
fixed, the requirement of effi
as short as possible. In cal
cation, the average length of
which we choose to minimiz
To summarize, the ingredi

L. A random variable X,
abilities p,, . . . » Par Tespecti
and over again, thus generat
the set {z;, ..., 2,,); such:

2. A set {ay,...,ap) cal
alphabet: each symbol z; i
characters called the code we
correspond to a,a,, and «, tc
ts called a code. The code w




0 DISCRETE SCHIEMES WITHOUT MEMORY

@remrwets. 1) roblem undertaken in this section is the cvaluation of

the maximum :ate of transmission of information of binary channels.

P "he source transmits independently two sym-

i 0 bols, say 0 and 1, with respeetive probabilitics
p: and p2.  The channel characteristic is known
as (see IMg. 3-17)

CramsTR f o

—_

P21 P2 _

Fig. 3-17. BC. In order to evaluate the capacity of such a

channel, when the entropy curve is available a simple geometric procedure
can be devised (see Iig. 3-18).
- The points A and 4, on the segment OM are selected so that

M4, = 1 04, = Poa2

The ordinates of the entropy curve at 4, and 4, are

B4 = H’(pu) B2z = H(p2)

Now, for any given channel output probabilities such as 0A = p and

H(p“)

Fra. 3-18. A geomctric determination of different cntropies, transinformation, and
channel capacity of a BC.

MA =1 — p, where p is the probability of receiving 1, the transinfor-
mation can be geometrically identified. Tn fact,

X;Y)=HY) — HY|X)

I(X;Y) = H(p) — pil(pu) — p2H (p22)

I(X;¥Y)=BA -~ F4A
Of course, the point A corresponding to the desired mode of operation is
not known. A glance at Fig. 3-18 suggests that the largest value of

By [7;“ pm} Cm\f(.q M«Q(YV.)[

—

BASIC CONCEPTS OF INFORMATION THEORY 117

transinformation is obtained when the probabilitics at {  cceiv ing end
arc represented by point A, corresponding to point B,,.. - The tangent

of the entropy curve at peint B, is paralicl to B B2 At B,,.the vertical

segment representing the transinformalion assumes ils largest valuc.
The corr espondmfr source probablhtms can bc derlved ina ducct mauner.

G



10

y 7z 4 il
) ganin
7 ey
" //j%/éﬁ’fi/ il
N Zvoaaavini
045;;//j/// e /// 5 / /
L~ V// — e / ,QV/ /
0.2/ ) ] 'g
e

A chart for determining values of Q) in terms of Py and Pay for binary
channels. The corresponding value of @2 is obtained by an interchange of P1; and Pas,

1.0

ol | /
N G
A
/

0.6 7

C bits

/

& //
y AV
7§>/ P
T L

0. 0.8 1.0

V%

Capacity of a binary channel in terms of Pi; and Ps,.

La
res
chs
(11
No
wh

E: 7 - = = - ?Q&
diree
three

(@,
b
(¢
Sol
(@)

Direct

This cl
®
The no

Any inp
the outy
and 3-2(

QWY H

RN 1]

e
e



ﬂfﬂﬂﬂ(ﬁﬁtﬁﬂ(ﬁﬁlﬁﬁfiﬁlﬂﬁfﬂntﬁﬁtﬂﬁ(ﬁﬂ(ﬁﬁfﬁﬁfﬁﬂtﬁﬁf’ﬂf

\ . L ‘
gbeL)%f:"‘%C/FA/ 1o q(/) |
[
o [ o

\»F Q R
Q

Q

J

THIS PROGRAM COMPUTES THE CHANNEL CAPACITY OF AN NXN CHANNEL WHEN
THE CHANNEL {(CONDITIONAL PROBABILITY) MATRIX P(B/A) IS KNOWN.

THE CHANNEL CAPACITY IS DETERMINED USING MUROGA'S TECHNIQUE.

THE SYSTEM OF LINEAR EQUATIONS THAT IS GENERATED BY THIS TECHNIQUE
IS SOLVED BY MEANS OF A GAUSS—~JORDAN REDUCTION.

RARFERFREEEFREEEER R CEpeTkgn WARNING Hhumykysd ke siqsrsgdopiifhgit

ONE MUST ARRANGE THE ROWS OF THE CHANNEL {(CONDITIONAL PROBABILITY)
MATRIX P(B/A} SO THAT THE MAIN DIAGONAL ELEMENTS ARE NON=ZERO.
REARRANGING YHE ROWS DOES NOT AFFECY THE VALUE OF THE CHANNEL
CAPACITY AND HELPS TO INSURE THAT THE GALSS~JORDAN REDUCTION

WILL YIELD TEE PROPER SOLUTION TO THE SYSYEM OF LINEAR EGUATIONS.

L2222 32222 2222222223222 222222 2282332 222 2222 T 20ttt 2 it 2]

THE CHANNEL (CONDITIONAL PROBABILITY) MATRIX P(B/A) IS READ IN BY
ROWSPLeEsrALLrl) sALLIZ)revsrALLIN)rA(2rL)0RL212)2v0erALNIN}S

DEFINITION OF VARIABLES

;;f{iﬁ

N DIMENSIONIN} OF THE NAN CHANNEL MATRIX P{B/R)

(G IR

EPS PARAMETYER FOR CHECKING THE SINGULARITY OF THE Vo
COEFFICIENT MAYRIX




FroDiems 12/

[ S5 £ i M 3GV T & .
A ngEEET TN THE ITH RO AND JTH COLUMN OF THE CHANNEL — 203 FORMAT(EZ0.8:10Xs I4:10Xs 18) -
) ¢ CALCULATION OF CHANNEL CAPACITY
sum . ELEMEMT IN THE (J*LITH COLUMM OF THME AUGMENTED CHAMNEL sumi-ogg , —
MATRIX. (SUM = (1,0/4L06(22) )% (AUT/ 11#ALOGCALI,L)) + ggmxz_‘gi;ﬁA(I'Ngl)+ Sutx
2 A f oaee * #* G = 2.%n i
A(Xr2)5ALOGCALTP2)) % woy + ALL/NI*ALOGIALLsIN))) 12 CONTINUE
MAGIC FACTOR FOR CONVERTING LOGARITHMS TO THE BASE 2 T0 : 15 LEiSUMRILA#LS 18
LOGARITHMS TO THE BASE E«(MAGIC = ALOG(2.)) €0 16
c CHANMEL CAPACITY (C = MAGICHALOG(2##X(1) + 2%aX{2] 4 4.e 18 RheICALOSISUNX
+ 252X(N))IHHERE X1i} IS THE ELEMENT IN THE ITH ROw & wg¥TéTg§“13) c '
*1}T Y L t
DIMENSION A(5%2213}|H COLUMN OF THE SOLUTION MATRIX 413 FORMATI B8XstC = LOG2 1 2%xX(1) 4+ 24xX{2) 4 ees + 22&X(N} ) =
REAL MAGIC - 1%:F6.3) .
MAGIC = (1./0.59315) 111 SToOP
€ THE MATRIX WHICH IS READ IS THE CHANNEL MATRIX AND THE ELEMENTS ARE END
C READ IN BY ROWS
WRITE(6+398)
398 FORMAT($11)
READ(5:100) N7 EPS
100 FORMAT(IG¢EL10.5)
NPL = N + L +25000000400 +50000000400 +25000000+400
WRITE(6+:509) , 1.0
509 FORMAT(/) 1.0
WRITE(Gr405) «33333333+00 266666667
405 FORMAT(15Kr 0a5aT o 35Xy Tma2 5 /15XKs 181 136K e 040, /15Ks 667 38Xs 51 ) ¢ ran
DO 2 I=1+N b .
SUM = 0«0 Py .
SgAg(iiifé’(A(I'J}’J:I'N’ ‘ ,250  +500  .250  .000 ~1.500
101 ngf?;f:ﬁ;g:g:q ,000 1,000 .000  .060  .000

g éngINSéXrJ)ﬁMAGIC*ALOG(A(IaJ)1 + SUM : .000  .000 1.000 .000  .000
ALIsN+1) = SUM . -e91
WRITE(6+201) (ACTed}rd = 17NPL) P000 0333 000 .567 e9i8

201 FORMAT(17X:SF7+37) : & s

© 2 CONTINUE
WRITE (6417

417 FORMAT(LSXe TAT,38Xs P21 /15X, *51 038X 12t /15Ky Pank? p 34X s tana?)
WRITE(6:509)
WRITE(6411)

411 FORMAT(23Xr 'AUGMENTED CHANNEL MATRIX')
WRITE (67 209) : v AUGMENTED CHANNEL MATRIX

209 FORMAT(///)

C BEGIN GAUSS=JORDAN REDUCTION

DETER = 1.0
DO 9 K=LeN
DETER = DETER#A(KsK) are was
IF{DABS(A{K K} 16T EPS) GO TO S * .
WRITE (6202} . » *
60 TO 311 1.000 +000  .000  .000 -6.000

202 FORMAT( BX:?!PIVOT ELEMENT SMALL - MATRIX MAY BE SINGULAR?)

"5 KPL = g4l L0080 1.000 .000  .000 000

DO 6 J =KPL:NPL :

6 ALKsd) = ALKed)/A(KeK) . ,000  .000 1.000  .000  .000
ALKPK) = 1.

DO 2 I = 1in : : .00  ,000  .000 1.000 -1.377
IF{I.EQ-K:OR-A(I+KJ.EQs04) GO TO 9
DO B8 J = KP1sNPL * .

8 A(I-JI= ALINJ) = A{I:K)®ALK)J) * :

ALT/KIZ0. ‘ ses wer

9 CONTIMUE
YRITE (6405}

DO 10 I = LeN
1¢ :i%;gzg:igéi(A(Ird)r-J-erPl) SQOLUTION MATRIX FOR X
WRITE (6+509)
WRITE{6:412)
412 FORMAT (25X 1SOLUTION MATRIX FOR X°)
WRITE(5,209)

OO0 0D

INPUT DATA FOR EXAMPLE PROBLEM
%1.00000~-10

O O0n

R 2 ) R

C = LGGZ ( 2esx{l) + 28X{2) + «oe + 2%8X{N} ) = 1.263
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THIS PROGRAM DECODES A HUFFMAN CODE USING A GIVEN TABLE

21559

OO0 NO00NO00N0O00NOO0O00O0N

99981
99982

99983

AND THE TREE SEARCH METHOD

A

/-

4251252;/%/L[ ne

Frremsrns

a [P

/ﬁ‘yf«a«
/3[

m/mue—e Lo

[SkaéLDCRD -

AEREREKEEE TR KRR EK KRR E ARG R R R KRR KR

PROB. *LETTER*HUFF. CODE

0.
0.
0.
0.0218%
0.
0.

0

«0208%
0.
0.
0.
0.
0.
0.
0.

o642
0127=

0317%
1031=

0152=
0467%
0575%
g008=%
0049%
0321%
0198%

TrXCHIOGTMMOO®>»

* SPACEx

*

IR E NN EREREELE]

*

000

0100
011111
11111
01011
101
001100
011101
1110
1000
0111001110
01110010
01010
001101

x®

x

LR B R BRI B AR IR S B 1

L3

PROB. *LETTER*HUFF. CODE
L T P Ry e P P s s P s L Y T T T Py

0.0574x *
0.0632x%
0.0152%
0.0008x%
0.048Lx%
0.0514x%
0.0796%
0.0228x%
0.0083%
0.,0175%
0.0013%
0.0164x%
0.0005%
AVERAGE LENGTH

NAXKXECCHNDIOVOZ
LR IR 2R B B SR BE BE 3R AR K

1001

0110
011110
0111001101
1101

1100

0010 T

11110
0111000
001110
0111001100
001111
0111001111
= 4.1195

P2 22T SIS S22 222222 22 P2 22222222223 232222 2332

THE ABOVE TABLE WAS TAKEN FROM THE FOLLOWING REFERENCE

REFERENCE?:

REZA»

*AN INTRODUCTION TO INFORMATION THEORY'

M(I) IS THE BINARY BIT (0 OR 1) BEING OBSERVED I=1r2,=--L

Y{J)

THE CODE.

DIMENSION M(320).Y(100)

READ(5,99980)L
99980 FORMAT(I3)

READ(5+99982)
FORMAT (6011)

WRITE(6+99983)

99984 FORMAT(v *,60I1)
WRITE (6,99985}
99985 FORMAT( 10 +23Xe 1 1%5Xs 1J*»5Xs1Y(J) 1)

99001

N=L+1
I=0
J=0

GO TO 99003

WRITE(6,99002) IrJrY(J)

(M(I) P I=1rL)

(M(I},I=1,L)

99002 FORMAT(* "»21X»I3»5XsI3¢5XsA1)
IF(I.EQ.L)GO TO 99991
IF(I.6T.L)GO TO 99989

IF(M(I).,EQ.1}G0 TO 12

IF(1.EQ.N)GO TO 99989
IF(M(I),EQ.1)GO TO 22

99003 I=I+1
JEJt+L

i

11 I=I+1

21 I=I+1

IF(I.EQ,N)GO TO 99989
IF(M(I).EQ,1)6G0 TO 32

IS THE ALPHABET LETTER (OR SPACE) BEING FORMED FROM

FORMAT("1%,'THE MESSAGE TO BE DECODED 1S:'/)
WRITE (6,99984)



Yo

23
35

409
36
410

24
37

413
414

38

415

416

531
532

22
33

405

406

511
512

34

407

408
515
629

757

630

G0 TO 99001
IZI+1
IF(I.EQ.N)IGO TO
IF(M{I).EQ,1)G0
IZI+1
IF(I.EQ.N)GO To
IF(M{1}.,EQ.1)60
I=I+1
IF(I.EQ.N)}GO TO
IF(M(I),.EQ,1)G0
Y(Ji=e]e

GO TO 99001
Y(J)I=rE"

G0 TO 99001
Y{JI=eN»

GO TO 99001
I=1+1
IF(I.EQ.N)}GO TO
IF(M(I).EQ.1)60
I=I+1
IF(I.EQ.N)GO TO
IF(M(I).EQ.1)6G0
Y(J)=1Se

60 TO 99001
Y(JI=RY

GO TO 99001
I=I+1
IF(1.EQN)GO TO
IF(M(1).EQ.1)G0
Y(J)STHe

G0 To 99001
I=1+1
IF(I.EQ.N)GO TO
IF(M(1),EQ.1)G0
Y(Jiz=ryr

60 To 99001
Y{J)=1Cr

60 TO 99001
I=1+1
IF(I.EQ.N)GO TO
IFIM(1).EQ.1)60
I=I+1
IF(1.,EQ.N)GO TO
IF(M(I).EQ.,1)GO
Y{JIz=var

60 To 99001
ITI+1
IF(I1.EQ.NIGO TO
IF(M(I).EQ.1)GO
Y(Jy=rLt

60 TO 99001
Y(J)='D*

GO TO 99001
I=I+1
IF(I.EQ.NIGO TO
IF(M(I).EQ,1)60
Y(J)=rQr

60 TO 99001
I=I+1
IF(I.EQ.NIGO TO
IF(M(I),EQ.1)60
I=1+1
IF(I.EQ.N)GO TO
IF(M(I).EQ.1)GO
I=I+1
IF(I.EQ.NJGO TO
IF(M(I).EG.1)60
Y{Jl=ryr

G0 TO 99001
Y{J)=tG?

GO0 TO 99001

99989
TO 24

99989
TO 36

99989
TO 410

99989
T0 38

99989
TO 414

99989
TO 416

99989
To 532

99989
TO 34

99989
TO 406

99989
To 512

99989
To 408

99989
To 516

99989
TO 630

99989
TO 758

758

8115
8116

9231

10461
10462

9232

10463
10464

516

631
632
32

403

404
507

613
614

508

615
616

99989
99990

99991
99992

99993

99994
99999

306

I=1+1 .
IF(I.EQ.N)GO TO 99989
IF(M{I)»,EQ.1)G0 YO 8116 . N
Y{J)= K .

60 To 99001

I=1+1

IF(I.EQ.N)GO TO 99989
IF(M(1),EQ.1)G0 TO 9232
I=I+1

IF(I1.EQ.N)GO TO 99989
IF(M(1),EQ.1)G0 TO 10462
Y(J)=txe -~

GO TO 99001

Y(Ji=rQr

G0 TO 99001

I=1+1

IF(I1.EQ.NIGO TO 99989
IF(M(I),.EQ.1)G0O TO 10464
Y(d)=sJr

6o To 99001

Y(J)=r2Ze

GO0 TO 99001

I=1+1

IF(I.EQ.N)GO TO 99989
IF(M(I).EQ.1)GO TO 632
Y(J)I=rPe

GO TO 99001

Y{(J)='B*

GO TO 99001

I=I+1

IF(I.EQ.N)GO TO 99989
IF(M(I),EQ.1)GO TO 404
Y{JI=*Te

GO TO 99001

I=I+1

IF(I.EQ.N}GO TO 99989
IF(M(I).EQ.1)G0 TO 508
I=I+1

IF(I.EQG.N)GO TO 99989
IF(M(I),EQ.1)G0 TO 614
Y(J)=tFe

60 TO 99001

Y(JI=IMY

GO0 TO 99001

I=1+1

IF(1.EQ.N)GO TO 99989
IF(M(I) ,EQ.1)GO TO 616
Y(JIZIWS

GO0 TO 99001

Y(JI=rYr

60 TO 99001

WRITE (6/,99990)
FORMAT(*0'»"THIS IS NOT A VALID ENCODING OF A MESSAGE')
GO TO 99999

WRITE (6+99992)

FORMAT(*0%//7)

WRITE (699993}

FORMAT('0'r*THE DECODED MESSAGE IS:*/)
K=J : '
WRITE(6,99994) (Y (J)rJ=1¢K)

FORMAT(* *,60A1)

STOP

END

010001111111111000010111010011000000111011110100000001110011
100111001001010000001101100101100000111100111001101110100011
000010111100000111000001110011100130000000111101110011110000
000111001111001111000011100110000111001110000001111000101100
000110101110011010111100000110100100110100001010011100100111
001110




| FORTRAN IV G LEVEL 21 MAIN DATE = 76224 16/51/726 PAGE 3001 e

fh?z@éécﬁ(lé f?iLPHA<z7> \e— woy |
? DATA ALPHA/’ PLUAY IR IO I IR U ~*@ n44 ’
N ~ : = A;‘,K?’ 18, gUNT JHUY IPT Q0 g IRE a5, ’T’f’U'y'V"“
) va”v'cxs aya ’Z'/ i - ‘ ‘ '
S RtN)(3;9%98Q)L T . o e
& AW s P ORE ALY e T e
7 0006 99981 REAU(5599982) (M(1)yI=1,0)
' osuf : 56582 FORMATIG6UIL) |
bl uuos WRITE(Ay89583) 0 0
o GCu9g §5983 FORMAT(Y1®,*THE MESSAGE TC BE DECOCEC IS:'/)
. GO1o WRITE(6,96684) (ML) ,I=1,L)
e I FD<WAT('”MyuOIL)”
Ol kUUl‘Bk k 99985 JRWAT('U'?/JX; l'y)Xy J'y5><y'Y(«“-"}~“‘
W Uuls ,,W,WM1~J,UMWHHHWWWM,
(.. LJdlo o d=0
14 UGL? (J(_) FC 990()3
W UOL8 99001 WRITE(6,9 QSQZ)I,J,Y(J)
(hat o GOLY 99902 FORMAT (! ' 521X, 13,5X, 15,bx,A13
21 \)UZQ L L 13"” s EWs L) (JU pe 99991. -
oo buZi , . 1F(1~6I”L)QU,!OM?9989,WMWWMMM,”
(s hOéé, 99003 I=I+]
y 023 NENIS
. 0944_, - lf‘;__IF(M(I) L)bD io,;z;y‘;f;f
fF = = T0 99989 ...
L2t o LF(M(T).EQel)GU TO 22
Dl w028 21 [=1+1
30 0029 IF{l cEG.N)GO TO 99989
Wb yedw. o TEIMEL) L EQ, x;eo:rQJBZ“éf:;ujﬁi*
el sUsL 31?T~‘Y(J)”ALPhA(l) :
g b GO TO 990Ul . . _ . . . - . ... .. = === === @ . ; .
z 0602312 . l=I+1 e e e R o
4 L0334 LR GEQ NGO TO 99989 e
s EE IF(M(I).LQ 1)uo TO 24 ‘ ; B - , N ‘ ; - - ;
g Luse . 23 feTe g ... = = _= = _ === _ @@ ooo-B~=~BBo6o6o~-~-~-~-~-~~—~=~=~=~=~=~=~=~=~=_=_=~_~<=~=~=_=-~=<~--~=- - - .- ____.__.-.-.-..-_.-.-.-_--.-.-_-;- ... _ @
.w - ... e
w00 g ...~~~ : -
W w939 35 k=l+1 i
Clol G040 JFAl 2 EQ.N 6O TO 99989
v wiU4bl F(M(1)eEQ.L)IGO TU 410
o 0O42 . 409 J)EALPhAiLO}f
Cllo G4 s . k
s suah ; M3e;~J‘Y( )rALPHA(é) - e o o . - _
“ Ghas GG TG 99001 e o R e . i ;
Gl w046 AL0 Y)Y =ALPHALLS) e .
0 G047 bL TO 9900i B ; N - ‘
o 6048 24 L=l D - - . - : ~ ; . ; ; .
s Uu49 ‘ o IF(IaonN)bU TD 99986 - - ~ ; - ; ‘ e - ke
5 0CHO - CIERMCI)GERGIIGD TO 3 L e e e _oon
oo ¥0sl . IFl .EQsN)GO TO 99989 ) e e o , . ,

e wos2 31 1=1+] ” ; e | . ! 2l
b 0053 IF(l sEQ.N)GO TO 99989 I o , - ; I . 5
. D0Ba . IF(M(I1).EQ.1)GD TO 4l4 - - . - . g

e 0055 413 Y{J)=ALPHALZ20Y N o : o o ‘ ‘ ~ 1]
vl 066 Go Yo 9900L . . b = , S S L L e

. Cﬂ m HAM = - m

6'3 Q{*,

A
U
20

< CA:;
SO ENG

oy

N
—

3

O< »—49——-:.__
Bl “ﬂ‘r! i
__)
)
el
e
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THE MESSAGE TO BE DECODED 153

GlOOOLL111111110G00L0L410100110000001110111101069000001110011

'lUuiiLUulLUlQluUQUUJLlQLLJQLUlLGuQJUiLlLUULLlUUllLlliGlOOLll'

QbUJiUilliOJQUOLLlOOODOALLOOL3]00110000000111101110011il)UGH
UG liee Il Liod 1 1Iuuy JlllbbllGJUbLLlQulllﬂvUQHdllllQUulbllQW

UULLOLUL110U 110101111000 U0LLULOGLOULL010000L0L00LL100L00LIL
) G110 e
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L1l -

1i9 23 R

118 ‘ 24 ‘

122 25 S
114G 26 .

I 3 S SRR ¥ S
134 .28

141 25
147 30
Loba : 31
60 82
160 X
176 34

L1s 35

82 o 36

192 0 37

198 38

=

XoEo<

=<

™~

Eakl N

B0 S 1 S, S
217 4] W

224 42 v
2e1 43

232 44 U
236 45T
I s
e e B

2h0 48 R
257 49 e
263 50 p
2066 51

270 52 G

P A H 3 N
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284 54 M o , ‘
283 55 !
288 56 L
296 57 K
300 58 J

i Deconen M SeeE e |
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HAND O T # 4

)Zg ,
> MHurd !

- g -

EXPERIMENT A HAS M pperoatey EXROL R

rossiHLE D0 TN e ) /) me EX PERIMENT 5 g

N POSSIBLE MOTOLLLY ERSLOSIVE OOTEar e s

S/f/fo)uz THAT f ; /) m // A J / L B j C N
o/ o] &J PLANIP: ] PEP:]

WE SHALL Ma&RE LEE OF

Pl A; //é,j z

CroaApH //// o M ﬂ”“’“/”

PLA = 77 P /h,ﬁﬂj < MARG AL DENTIT Y wEFK. CE)

@ f)() Q)

ovR  EVENTI ARE:

A2 D0 ayaoe Ay e A
.,:)) . / !, ) PR !;g B, oo, /")),‘\/

START BY RewrITive &) o=

,,,,, Fe e . -1
PLE&, ///‘l)m = LA ms Bn j//) LA m:] @)
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Coding and its application
in space communications
Once regarded as purely academic, coding theory

has turned out to be eminently practical for the modern
applications of space channels

G. David Forney, Jr.

Between 1948—when Shannon first proposed his
basic theorems on information theory—and the start
of the space age, little practical application developed
from the lessons of coding theory. This article pre-

. sents an overview of the Shannon theorem, interesting
i practical codes, and their application to the space

channel. It turns out that a simple encoder in combi-
nation with a decoder of modest complexity placed
into an uncoded communications system can increase
the data rate by a factor of four or more depending on

" the coding scheme and the allowable error rate. Use
i of a convolutional code with sequential decoding has

proved to be the outstanding scheme for these appli-
cations. It appears that, in the future, coding will find
a place in most new digital space communication sys-
tems.

Coding theory has a history no doubt unique among
engineering disciplines: the ultimate theorems came first,
practical applications later, For many years after Shan-
non’s announcement of the basic theorems of information
theory in 1948, the absence of any actual realization of the
exciting improvements promised by the theory was a
source of some embarassment to workers in the field.
A standard feature of IEEE Conventions in this period
was a session entitled “Progress in Information Theory,”
or something similar, in which the talks purporting to
show that the theory was approaching practical applica-
lion tended instead to confirm the prejudices of practical
men that information theory would do nothing for them.

e spectrum JUNE 1970

Codex Corporation

In retrospect, there were two principal reasons for
this lag. First, Shannon’s coding theorems were existence
theorems, which showed that within a large class of
coding schemes there existed some schemes-—nearly all,
actually—that could give arbitrarily low error rates at
any information rate up to a critical rate called channel
capacity. The theorems gave no clue to the actual con-
struction of such schemes, however, and the search for
coding techniques capable of remotely approaching the
theoretical capacity proved so difficult that a folk theorem
was proposed: “All codes are good, except those we can
think of.”

Second, the channels of practical interest—telephone
lines, cable, microwave, troposcatter, and HF radio—
proved not to have anything like the statistical régularity
assumed in the proof of the coding theorems. In fact,
most theorems are based on the assumption of statistical
independence in the noise affecting each transmitted
symbol, whereas on the channels just cited disturbances
tend to be manifested in bursts spanning many bits.
This is to say nothing of other anomalies that arise in
practice, such as a channel described at a recent infor-
mation theory symposium as ‘“‘a very good channel,
with errors predominantly due to a noisy Coke machine
near the receiver.”

Over the past decade, the situation has improved
tremendously. The problem of finding workable coding
schemes has been recognized to be fundamentally a
problem of finding decoders of reasonable complexity.
The solution has been sought in considering classes of
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x(t) = a(t) cos (wet +0)

y(t) = @ a(t) cos [wct + 0 +P O] +nt

1

FIGURE 1. Amplitude modulation on a satellite channel. :

FIGURE 2. Discrete-time channel model.

+1+

. ) )
a (One input each Channe .

T second)

- Correlator

zi=aj=n;

codes so structured that efficient decoding becomes
feasible (but not so much structured that the codes
themselves are no good). The most popular approach has
been to use the structures of abstract algebra to generate
classes of good, decodable block codes. A second ap-
proach uses linear sequential circuits to generate a class
of codes that are called convolutional; at least for the
applications to be discussed here, convolutional codes
seem to have better balance between structure and ran-
domness than is capable with the perhaps too-structured
block codes.

A second major development of the last decade has~

been the emergence of the space channel into practical
importance, both in the requirements of NASA for
efficient transmission from deep-space probes, and in the
proliferation of earth-orbiting communications satellites.
The remarkable characteristic of the space channel is that,
within the sensitivity of tests performed to date, it appears
to be accurately modeled as a white-Gaussian-noise
channel. Anyone who has ever taken a statistical subject
knows that white Gaussian noise is the archetype of
statistically regular, nonbursty noise, and as such is the
theorist’s dream. Consequently, in considering possible
schemes for the space channel, one may use the most
profound theorems, the most subtle analyses, and the
most accurate simulations. One is also able to propose
the most sophisticated and powerful decoding procedures,
and predict performance to the accuracy of a fraction
of a decibel. The initial successes of coding on the space
channel have led to its incorporation in all space-system
designs (of which the author is aware) in the last two

1
b

years or so. For this reason, as well as the pedagogical

neatness of the white-Gaussian-noise channel, this article

uses the space channel for both orientation and motiva-

channels mentioned earlier, for although applications of
coding have also been increasing in those environments,

\&gc\)n. We shall say little about the literally more mundane

the schemes used are much more ad /oc, and more than

qualitative predictions about behavior on real channels :

rarely can be made.

/The space channel

The model of the space channel that we shall use reflects 1
all the significant characteristics of the channel, without |

some details important only in practice; it is illustrated in
Fig. 1. An amplitude-modulated carrier

x(t) = a(r) cos (w,t + 6)

is generated aboard a satellite and transmitted to an

earth antenna. (Frequency and phase modulation are

also used, but not as often as AM, and offer no advantage
in principle.) The model still applies when the signal
actually originates at another ground station and the
satellite is only a repeater, since the power available on
the ground is so much greater than that aboard the satel-
lite that the uplink may be considered perfect in most
cases. The received signal

Y(©) = aa(t) cos [w.t + 0 + Y] + n(t)

is subject to several principal disturbances:
1, Simple attenuation « due to distance (assumed
perfectly linear). The received signal power is denoted P.

IEEE spectrum JUNE 1970
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FIGURE 3. System block diagram.

2. Additive white Gaussian noise n(7) arising in the
receiver front end, with single-sided spectral density N,.
3. Phase variations (1) due to imperfect tracking,
gncompensated Doppler shifts, an unstable carrier

oscillator, and so forth, In the applications with which the
author is familiar, with the carrier w, in S band, the phase
variations are the only important departure from the
ideal white-Gaussian-noise model, and make themselves
felt at low data rates by frustrating perfectly coherent
demodulation. On a NASA mission with a terminal of the
Goldstone type, phase variations can be kept to a few
hertz or less, and are unimportant u.dess the bit rate is of
the order of 10 bits per second or less. However, in some
military applications where the receiver is aboard a plane,
ship, jeep, or other moving platform, ““low” data rates
may be as high as 75 to 2400 b/s. We shall assume here-
alter that we are at high enough rates that essentially
perfect phase tracking and coherent demodulation can
be maintained.

1t will also be assumed that the information to be
transmitted is already in digital form, leaving totally
aside the kind of coding (source coding) that is concerned
with efficient representation of the information in bits.
{The gains from efficient source coding may be expected

1 10 equal or exceed those claimed in the following for

efficient channel coding. The best techniques of the infant
field of data compression are, however, even more ad hoc
than those for channel coding on bursty channels.) The
information rate will be denoted as R b/s.

When a communications system can pass R informa-
tion bits per second over a white Gaussian channel on
which the received power is P and the noise density

¢ N,, with some acceptable quality, we say that the system

is operating at a signal-to-noise ratio per information bit
E,'N, = P/N,R. This dimensionless parameter then
serves as a figure of merit for different coding and modula-
tion schemes. Note that it incorporates any effective
pewer loss due to coding redundancy. A system designer
who simply wants to select a communications scheme to
get the most data rate for a given power and receiver
noise temperature, or to use the least power for a fixed
data rate, will pick the scheme that can operate at the
lowest Ey/N, with adequate quality (if he can possibly af-
ford it).

An appropriate modulation technique, and the only

in most

issumed
1oted P.

: NE 1970

one we shall consider, is pure time-discrete, N-level
amplitude modulation. By this we mean that the modu-
lating waveform a(r) can only change at discrete inter-
vals 7 seconds apart, and during any r-second period,
sometimes called a baud, it can take on one of N discrete
values, usually equally spaced. We let a; be the value in
the ith interval. If N is a power of two, say 2™, then the

Forney—Coding and its application in space communications

signaling rate is 1/r symbols (bauds) per sécond, and the
transmitted rate m/r bits per second. Ideally, the band-
width occupied is W = Y7 hertz, but this is only an
approximation (and a lower bound) to the practical
bandwidth. By far the most common scheme of this class
is the binary (N = 2) case, with a(f) = =1; this is com-
monly called PSK or phase-shift keying, the terminology
arising from a viewpoint in which a(f) has constant
magnitude 1 and the phase 8 is modulated to the two
values &= /2.

With white Gaussian noise, and perfect phase tracking,
it is appropriate to use a correlation or matched filter
receiver. Mathematically, in the ith baud such a receiver
forms the integral

7y = f:—i—f y(1) cos [wet + 8 + YD) dt

It is easily shown that z; = a; + #;, where qa; is the modu-
lation amplitude (scaled) in the /ith baud and n, is the
noise, a Gaussian random variable centered on 0 and
independent from baud to baud. (This assumes perfect
synchronization of the timing intervals, which can be
approached as closely as desired in practice.) Further-
more, no information is lost in the correlation operation,
in the sense that any decision on what was sent that is
based on the correlator outputs z; can be just as good as
the information based on the complete received wave-
form. Thus we have replaced our continuous-time mode!
with a discrete-time model, illustrated in Fig. 2 for PSK.
Every r seconds, a level a; (one of N) is sent, and a cor-
relator output z; is received.

In the absence of coding, a hard decision is made on
the correlator output as to which level was actually sent.
For example, with binary PSK, a positive z; leads to a
decision of -+1, and negative to —1. With coding, it
is usually desirable to keep an indication of how reliable
the decision was; this can range from establishing a null
zone around 0, which is treated as no decision or an
erasure, to retaining essentially all the information in the
correlator output by sufficient finely quantized analog-to-
digital conversion (normally three bits), called a soft (or
quantized) decision. Schematically, any of these possi-
bilities will be represented by a box following the cor-
relator output labeled A/D.

We can now lay out the complete block diagram of a
system that includes coding (Fig. 3). Information bits
arrive at a rate of R b/s. An encoder of code rate k/n in-
serts 1 — k redundant bits for every k information bits,
giving a transmitted bit rate of nR/k b/s. These bits are
taken s per baud into the modulator; at the receiver, a
noisy correlator output is developed for each baud and
A/D converted. The resulting hard decisions, soft deci-

49



50

sions, or whatever, enter the decoder, which uses the
redundancy in the data as well as (with soft decisions) the
reliability of the received information to estimate which
information bits were actually sent. When the signal-to-
noise ratio is specified, this is a well-defined mathematical
model, and it makes sense to ask the question: How much
information can we transmit through this channel, and
what do we put in the encoder and decoder boxes to do it?
The surprising fact upon which we commented at the
beginning of this article is that the answer to the first
question was announced long before anyone had the
remotest idea how to answer the second.

Channel-capacity statements

Shannon’s original work! showed that the capacity of
the communication system blocked out in Fig. 3 is

C = Y% log. (1 + P/N,W) bits/baud
or Wlog. (1 + P/N,W) bits/second
Ep/No, dB 36
20 M- 16
B Operation
4 o M=
2 ]at capacity M=8
18
12
6 Bandwidth-
11/16 1{8 1/14 1/L2 7 ~ limited region
Power-limited region C ) 4 8 16
F-1.0
o B CIW
--2.0

FIGURE 4. E,,/N, as a function of C/W in bandwidth-limited
and power-limited regions (note change of scale), with
operation at capacity contrasted with M-level amplitude
modulation [Pr (s) = 107},

FIGURE 5. Bit-error probability as a function of signal-to-
noise ratio per information bit for situations involving no
coding and coding at capacity.

1
//Channel capacity
B R Channel capacity with
10 \\\hard decisions
|
1072~ ,
- «—No coding (PSK)
w
o
1073~
1074~
10——5 i 1 1
-1.6 0.4 3 6 9
Ep/Ng. dB

where P is the received signal power, N, the Single~sided
noise spectral density, and W the nominal bandwigy,
Yar. Shannon showed that whenever the informatig,
rate R is less than C, then there exists some coding ang
modulation scheme with as low a decoded error proby.
bility as you like; whereas if R > C, then the error probs.
bility cannot approach zero and more coding generally
only makes things worse. Finally, it can be shown thg;
the same results apply when the special modulation
assumptions of Fig. 3 are removed, and any signaling
scheme whatsoever is allowed,

At one time, this classic formula fell into disrepute,
after it had been used loosely by all sorts of coarse fellows
who applied it promiscuously to channels not remotely
characterized by the white-Gaussian-noise model. With
the advent of the space channel, however, it is time to
rehabilitate it for the insight it provides.

Suppose we could actually transmit at capacity; the
signal-to-noise ratio per information bit would then be
Ey/N, = P/N,C. The number of bits per cycle of
bandwidth under the same conditions would be C/W.
The capacity formula is usefully rewritten as a relation
between these two dimensionless parameters:

C/W = log: [1 + (PIN,CXC[W)]

This relation is plotted in Fig. 4. We see that, for a fixed
power-to-noise ratio P/N,, more and more efficient
communication is possible as the bandwidth is increased,
and that with no bandwidth limitations, E,/N, approaches
a limit of In 2 (+/0.69, or —1.6 dB), called the Shannon
limit. To date, space communication has been charac-
terized by severe power limitation and bandwidth to burn,
so that this so-called power-limited case has been the re-
gime of interest. We note that, although the E,/N, limit
is reached only for infinite bandwidth, at %4 bit per
cycle of bandwidth (or a code rate of about %4 with PSK)
we are practically there,

Let us now see what coding has to offer in the power-

limited case. Figure 5 is a more standard curve of error
probability versus E/N, in decibels. The no-coding curve
is that for ideal PSK, which is representative of what was
in fact used in the years B.C. (before coding), as in the
Mariner 64 system that returned the first pictures from
Mars. We see that an E,/N, of 6.8 dB is required to ob-
tain a bit error probability of 10~* and 9.6 dB to obtain
1075, On the other hand, the capacity theorem promises
essentially zero error probability whenever E,/N, exceeds
—1.6 dB. This means that potential coding gains of 8
to 11 dB (a factor of 6 to 12) are possible, which is rather
exciting in an environment where the cost of a decibel
is frequently measured in millions of dollars. Since, in
the power-limited region, R is directly proportional to 2,
this gain may be taken either as reduced power or as
increased data rate.

Another curve of parenthetical interest is included in
Fig. 5, the capacity curve when the A/D box of Fig. 3
makes hard decisions. It turns out that this costs a factor
of w/2 or 2 dB. We remark on this loss here because it
seems to be one of the universal constants of nature:
regardless of the coding scheme, use of hard decisions
rather than soft in the power-limited region always costs
about 2 dB,.

The situation is quite different when the channel is
bandwidth-limited rather than power-limited. The follow-
ing simple argument shows that, in this region, coding
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* no longer offers such dramatic gains. Referring back to

(he capacity formula, we see that for P/N,W >> 1, with
fixed N, and W, each increase by a factor of four in P
keads to an increase of 1 bit/baud in channel capacity.
On the other hand, consider what is required to increase
the transmission rate in conventional multilevel amplitude
modulation by 1 bit/baud. To double the number of signal
levels while maintaining the same level separation and
therefore the same probability of error requires increasing
the amplitude span of the levels by a factor of two, as in
Fig. 6, or the average power P by a factor of about four

" (this rapidly becomes exact as N = 2" increases). Thus,

if Ryn is the rate achievable with amplitude modula-

i tion and C the capacity for some power P, then as P
* increases by k factors of four, we have

P —4'p
Rav = Raw + k
C—C+k

Rawm N EAM +J{
C C+k

—1 ashk —> o

Thus we can nearly achieve capacity without coding
as we get deeper into the bandwidth-limited region. In
Fig. 4, we plotted the first few AM points for Pr (8) =
105 to show how rapidly Rax approaches C. It therefore
may be anticipated that as communications satellites
achieve greater and greater effective radiated power the
attractiveness of coding will diminish. One also suspects
that this argument partially explains why, despite the
fact that much outstanding early work on coding, in-
cluding Shannon’s, came out of the Bell Telephone
aboratories, to date there has been negligible operational
use of coding on telephone circuits, which are engineered
1o be high signal-to-noise ratio, narrow-bandwidth lines.
Comsat, by inheriting telephone-type tariffs that require
its bandwidth to be offered in narrow slices, has been
hobbled in the same way.

Maximum-length shift-register codes

In the remaining sections, we will discuss different
types of codes and decoding methods, in an attempt to
give an impressionistic feel for what they involve, with
particular reference to performance on the power-limited
space channel. We begin with block codes, which were
the first to be studied and have the most well-developed
theory. The maximum-length shift-register (or pseudo-
random or simplex) codes are a class of codes that make
a good introduction to algebrai odes. Their
Jroperties are interesting and easy to derive, and serve
as an easy entrée to the mysteries of finite fields, upon
which further developments in block codes depend. Fur-

thermore, they are actually useful in space applications

and in noncoding areas as well. The number and quality
of the pictures of Mars returned from the recent Mariner
probes depended on the use of codes like these.

Consider first a digital feedback circuit such as the one
depicted in Fig. 7; i.e., an m-bit shift register whose
serial input is the modulo-2 (exclusive-or) sum of two or
more of the bits in the shift register. In Fig. 7, m = 4 and
the two bits are the rightmost b, and the leftmost by, so
that the input A, is expressed mathematically as

bin = by + by modulo 2 (1a)

~orney—Coding and its application in space communications

or, using the notation @ for modulo-2 addition,
bin = b @ by (1b)

When we S’ly “shift register,”lve 1mply that \vhencver

Tenters T the Teft end, “all other bItS shxft one place to the
rlght ‘and the rightmost bit b, is lost.

Tt is well to be absolutely solid on the properties of
modulo-2 arithmetic before striding off into the woods of
algebraic coding theory.* Only two quantities occur in the
arithmetic, 0 and 1, They may be added and multiplied
as though they were ordinary integers, except that 1 P 1 =
0. This leads to the curious property that any number
(0 or 1) added to itself in this arithmetic *“‘cancels,” i.e.,
equals zero, so that each number can be regarded as the
negative of itself, and addition and subtraction are in-
distinguishable. (For example, if a = b @& ¢, then b =
* In general, the operations of modulo-N arithmetic (N equal to
any integer) are the same as those of ordinary arithmetic after

every number is reduced to its remainder when divided by M.
For example, 8 modulo 3 is 2,

I. Modulo-2 arithmetic

Addition Multiplication
+ 0 1 X 0
0 0 1 0 0 0
1 1 0 1 0

0o — N )

FIGURE 6. Doubling the number of levels with the same
level spacing requires quadrupling the power in pulse
amplitude modulation.

FIGURE 7. Maximum-length shift-register sequence gen-
erator with m = 4 stages.
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a = ¢ = a4 c.) Additon and multiplication tables are coming out of the rightmost stage of the register are trans-

Z

given cxphculy in Table . It is easy to verity that all the mitted as a block, or code word. Table III gives the 15

ordinary rules of arithmetic—ie., ¢ + b + ¢ = ¢ + bit code words corresponding to each 4-bit information
b + a, alb + ¢) = ab + ac, etc.—apply in modulo-2 segment.
arithmetic, so that we can manipulate symbolic expres- This code is calleda (154)_“£g_c_i‘e since code words have
sions freely, just as though they involved ordinary num- 15 bits for each & information bits. By using registers ot
bers, with the additional rule that « + a = 0. different lengths n, we can create % {f — 1, m) cades.
Return now to the feedback circuit of Fig. 7. What /ﬁ’imce M = 2™ as m gets large, the rz TfoMﬂmtlon
happens when it is shifted a number of times? The an-  \ bits to transmitted bits (the code rate) becomes very
swer cledrll\dgp_egdignwnualmm_ are. If ‘ small, which limits the usefulness of these codes for coding
eﬂrstdges initially contain.zeros,-then the input will be '/ purposes; in other applications, however, the fact that
zero, so that a shift-will leave-the-register-in-the-all-zero a very long nonrepeating sequence can be generated
state. There are 15 other initial states; if we pick one of with a short register is the feature of interest.
thém, say 0001, and use Eq. (1), we find that 15 shifts We can quickly determine some properties of the

cycle the register through all nonzero Statés and Feturn (M — 1)-bit sequences generated by these registers. First,
the register to the starting point. The state diagram is the bits in these sequences are the rightmost bits of the
shown in Fig. 8; it consists of two cycles: the one-state M — 1 nonzero state sequences of length /. Since exactly
w/wcle, and the 15-state nonzero cycle. The name half of all m-bit sequences end in “1,” Qgi_’ifflyMB
“maximum-length shift register” is given to this circuit occur in any maximum- leng,th sequence (for example,
since, given that 0000 must go to 0000, the 15-state cycle A Fitsout-of" fﬁ‘é‘”l“S’m the §€?qilente”of“the example). In a

__ is the maximum length possible. long sequence, if we look at the output at a random time,
" Itis a nontrivial result of algebra that for any number o the probability of seeing a “1” is (M/2)/(M — 1), or just
stages /n we can always find a circuit like Fig. 7 with a R
state diagram like Fig. 8. The input is always a mod-
ulo-2 sum of certain stages of‘the register, so-the” allZ€r0 ). Connections for MLSR generators
state ledys gwes a zero input, and the zero state always
es into the zero state as € remainin =1
g0 ° e on £ Stages Connected Stages Connected

3

\‘fﬂw ¢ """"‘""‘—'_‘/ m
states form a maximum-length cycle where M 2™, to Modulo-2 Adder m to Modulo-2 Adder
Table II specifies input connections to the modulo-2

adder that will give a maximum-length shift register for 1 1 18 1,12
1 < m< 34 2 1,2 19 1, 15, 18, 19
A block code using the circuit of Fig. 7 as an encoder i i' z g(l) i ;g
operates as follows: The I%Mmltted 5 14 99 12
assumed to be a sequence of bits bits, is segregated into into 4-bit 6 16 23 1 19
seg_mentrﬁqc}fsegment is Toaded into the 4-bit shift 7 1' 7 24 1' 18, 23 24
register, and the register lS shifted 15 times., The 15 bits g . 1: 56,7 25 1: 23' '
9 1,6 26 1, 21, 25, 26
10 1,8 27 1, 23, 26, 27
11 1,10 28 1, 26
12 1,7,9, 12 29 1,28
13 1, 10, 11, 13 30 1, 8,29, 30
FIGURE 8. State diagram of feedback circuit in Fig, 7. 14 1,69, 14 31 1,29
15 1,15 32 1,11, 31, 32
16 1, 5,14, 16 33 1,21
17 1,15 34 1, 8, 33, 34
o
1il. Code words in a (15, 4) code
Information Bits Code Word
0000 000000000000000
0001 000111101011001
1000 100011110101100
0100 010001111010110
0010 001000111101011
1001 100100011110101
1101 110010001111010
0110 011001000111101
1011 101100100011110
0101 010110010001111
1010 101011001000111
1101 110101100100011
1110 111010110011001
1111 111101011001000
0111 011110101100100
0011 001111010110010
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are trans. 1OU( 4. Furthermore, since all m-bit sequences except
S the [5. 4¢ all-zero sequence occur somewhere in the maximum-
{ormation ,ngt_h sequence, the probability of seeing a *‘1”’ given any

— 1 or fewer preceding bits is still nearly one half.
cords by : ese and other statistical properties make a maximum-

‘gisters o, .ngth sequence difficult to distinguish from a sequence
”\1)—%‘ Lnerated truly randomly, as by flipping a coin, yet these
‘ormation «quences are easy to generate and repeatable. Thus they
'mes very e commonly used to generate pseudorandom bits, ___
forcoding The class of maximum-length shift-register codes is

fact that zrpresentatlve of the major classes of algebraic block
zenerated | odes, in that such codes have the properties of being
|. Systematic; that is, the information bits are trans-

3 Or‘thc muted unchanged as part of the code word. In the ex-
oIS };" i" mple (Table II), the first four bits of each code word are
Mits of the

' ; the information bits.
‘weexactly i) A parity-check code; that is, each of the noninfor-
v M2 |5 ¢ patit y- i l

" mation (parity) bits is a parity check on (modulo-2 sum

example, "of) certain information bits. This can be proved in-
.‘ple). ‘ln a jfductively; for example, in the example code, the fifth
om “f"e‘ ' l\‘t is the modulo-2 sum of the first and fourth; the sixth
1), or just ;\ the sum of the second and fifth, but this is the same as*
the second plus the first plus the fourth; in general, the
; »th bit is some modulo-2 sum of previous bits, which are
| temselves each modulo-2 sums of information bits, so
! the nth bit is also some modulo-2 sum of information
Jonnected tits. (In fact, in the maximum-length shift-register codes,
J0-2Adder | he parity bits consist of all possible different parity checks
o >on the information bits.)
18 19 3, Cychc that is, the end-around shift of any code
', word is another code word.
The parity-check property can be used to prove the
{ “imost important single result concerning parity-check
'\ codes (the group property), which is that if we form the
023,24 2 modulo-2 sum of two code words, we get another code
word.
25, 26 i The modulo-2 sum of two n-bit code words is defined as
%, 27 ¢ the bit-by-bit modulo-2 sum; thatis,if x;and y;, 1 < i <n
;t are the bits in the two original code words, then the bits
29,30 . 2in their sum are
31, 32 z=x@r

Thus the information bits in z are the modulo-2 sum of the
33, 34 { information bits in x and y. The parity bits in z are what
! we get when we put the modulo-2 sum of the information
“bits in x and y into our 4-bit register and shift 15 times;
¢ itis not hard to see that they are the modulo-2 sum of the
parity bits in .x and y, since the shift-register connection
{ivitself a modulo-2 sum. In other words, the two circuits
in Fig. 9 have identical outputs,

This can be verified also by taking any two of the words
;in Tuble III and forming their modulo-2 sum; the result
%ill be another one of the cyclic shifts of the basic se-
quence.

The group property gives immediate answers to ques-
tions about distance or correlation between code words.
; The distance (Hamming distance) between two code
. Words is defined as the number of places in which they
differ, If we form the modulo-2 sum of two code words,
. the resulting word will have zeros in the positions in
{ "{ which the two code words agree, and ones where they
differ; thus the distance between two code words is
tactly the number of ones in their sum. But, from the
froup property, their sum is another code word; and in
the maximum-length shift-register codes all words have

e 1970 . . L L
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the same number of ones,* namely M/2 (eight in our ex-
ample). Thus the distance between any two words in
these codes is M/2, or about half the code length.

The equidistant property of maximum-length shift-
register codes makes them an optimum solution to the
following problem in signal design: How can one con-
struct M equal-energy signals to minimize the cross-cor-
relation between any two signals, with no bandwidth
limitations? Let us suppose that a code word is sent by
PSK, so that a 0 is sent as a baud of amplitude —1 and
a 1 as amplitude 1. The M-code words then correspond
to M vectors in M — 1 dimensions, all of equal energy
(autocorrelation) M — 1. The cross-correlation (inner
product) of any two vectors is a sum of baud-by-baud
correlations, equal to +1 if the vectors agree in that
place, and —1 if they disagree. But we have just proved
that the Hamming distance between any two code words
is M/2, so that any two vectors disagree in M/2 places and
agree in the remaining M/2 — 1. Consequently, any two
vectors are anticorrelated with cross-correlation —1.
This implies that as vectors in (M — 1)-space, the code
words form a geometrical object called a simplex, which
is universally believed (though it has never quite been
proved) to be the distribution of equal-energy signals in
signal space that minimizes the probability of in-

* Except the all-zero word, of course; this is the code word we
get when we sum any code word with itself,

FIGURE 9. Two equivalent linear circuits,
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FIGURE 10. Simplex (tetra- /
hedron) formed by m = 2, (3,

2) code in three dimensions.

correct detection. Figure 10 shows the simplex corre-
sponding to the m = 2 maximum-length shift-register
code, which takes the form of a tetrahedron in three
dimensions. Here is an intriguing contact between alge-
braic coding theory and the geometry of N dimensions.
Suppose now that we use such a binary code with PSK
modulation; how shall we decode it at the receiver? As
in Fig. 3, we assume that we start with the A/ — 1 cor-
relator outputs z; that correspond to the M — 1 bauds
required to send a code word. For definiteness, we use the
code of our example in which m = 4 and M — 1 = 15.

Here we shall see a distinction between the viewpoints ut

the signal designer and of the algebraic coding theorist.
The signal designer would take the attitude that what we
have here is a way of sending one of 16 signals through
a white Gaussian channel, where each possible signal is
made up of 15 binary chips, and thus is a vector in 15
dimensions. As in the pure binary case, the optimum
detection method is to correlate the received signal
against all the 16 possible transmitted signals, which
can be done by simply summing the correlator out-
puts z; multiplied by =1 according to the code word
amplitude in the corresponding baud. Thus 16 computa-
tions followed by a selection of the largest correlation
must be performed. (It turns out that the correlations
can be dohe simultaneously in a special-purpose com-
puter—called the “Green machine” at Jet Propulsion
Laboratory?—as an M-point fast Hadamard transform.
which is structurally very similar to a fast Fourier trans-
form.) The computational load remains manageable for
m less than eight or so, which is also where the bandwidth
occupied by these codes begins to be absurdly large. A

modified (biorthogonal) m = 6 code was used in the
Mariner ’69 expedition; its performance curve is shown
in Fig. 11.3

An alternate approach is usually taken by the algebraic
coding theorist. The first step is to make a hard decision
on each correlator output to obtain a 15-bit digital word

f () (+1,-1,~1)

FIGURE 11. Performance of various block codes,

F (32,6)m=6 Eiorthogonal code
/(algebraic error correction)

(24,12) code :
(algebraic error correction)

101

(32.6) m =6 biorthogonal code
(correlation detection)

1 |
-3 0 3 6 9
Ep/No, dB '

called the received word. Now we are back in the realm of
modulo-2 arithmetic, Hamming distance, and so forth.
In the hard-decision process, a number of bit errors will
usually be made. From the distance properties of the
original code, one can determine that if fewer than some
maximum number of errors occur, then correct decoding
is guaranteed. In the example, where the Hamming dis-
tance between any two words is eight, it is easy to see that
if three errors occur in the reception of any code word,
then the received word will differ in three places from the
correct word, but in at least five places from any other
word, so that in principle decoding should be correct. It

H
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FIGURE 12. Convolutional encoder.

general, a number of bit errors equal to the greatest
integer less than half the Hamming distance is guaranteed
tc be correctable.

One decoding method suitable for the (15, 4) example
code is permutation decoding. * From the distance proper-
ties of this code, we know that if we can find some code
word within Hamming distance three of the received
word, then we should assume that word was sent, since
all other code words must be at least distance five from
the received word. To find such a word, we can start
by simply reencoding the four received information bits,
and checking whether the reencoded parity bits agree
with the received parity bits in all but three or fewer
places. If so, we are done. If not, then because of the
cyclic property of the code, we can take any other four
consecutive received bits, treat them as information bits,
ind generate the rest of the cycle (end-around) that
makes up the code. (If this is not immediately clear, try
tuking any four consecutive positions of any code word
in Table III, loading them into the encoder shift register,
and shifting 15 times to generate the whole code word,
starting at that point and cycling around past the begin-
ning.) If there are actually three or fewer bit errors, at
least one set of four consecutive positions will be re-
ceived correctly, so by taking each set of four in turn,
reencoding, and comparing, we will eventually find the
correct code word. (This cyclic permutation scheme is
also used to correct burst errors, since a correctable burst
of errors will not affect at least one set of & consecutive
bits.?)

The performance of hard decisions followed by alge-
braic error correction is also shown in Fig. 11, for the
same (32, 6), distance-16 code as in the correlation detec-
tion curve, We see that it is more than 3 dB worse for the
lower error probabilities, It might therefore seem that
the correlation technique is the better one; however,
algebraic decoding remains feasible for much longer code
lengths and numbers of information bits, where correla-
tion detection is computationally infeasible. A curve for
the (24, 12) (minimum distance eight) extended Golay
code is also shown in Fig, 11; with longer codes, the
hard-decision disadvantage can eventually be overcome.

Ideally, one would like a scheme whose computational
complexity was like that of the algebraic decoding
schemes, but would make use of all the information in the
correlator output and thus achieve performance like that
of correlation detection. At least two approaches (orth-
ogonal equation decoding®? and generalized minimum-
distance decoding®) with these features are known, but
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they have not been extensively studied due to the ex-
istence of superior convolutional coding schemes (to be
described in the next section).

Although we have studied only the maximum-length
shift-register codes here, more advanced algebraic block
codes involve quite similar ideas. Peterson® and Berle-
kamp !0 are the standard references of the field.

Convolutional codes

Historically, the coding world has been divided between
block-code people and convolutional-code people. Al-
though relations between these groups are perfectly
amicable, block-code types tend to harp on the relatively
primitive theoretical understanding and development of
convolutional codes vis-a-vis block codes, whereas con-
volutional-code types point out that in all respects in
which convolutional codes can be compared with block
codes they are essentially as good in theory, and in some
major respects better, while in practice they are typically
simpler. The correctness of both these viewpoints will
be illustrated in this section. Whereas we have considered
an infinite class of good block codes, we cannot now con-
sider such a class of convolutional codes, since classes
of reasonably good._codes in the block-code sense are
unknown.- Instead we shall consider a simple typical
code and some reasonable ways of decoding it. The best of
these methods will be seen to give better performance on
the space channel than any block-code techniques.

Consider the linear sequential circuit illustrated in
Fig. 12. Like the maximum-length shift-register generator
of Fig. 7, it consists of a shift register and a modulo-2
adder connected to several shift-register stages. In this
case, however, information bits are continuously entered
. i . .
into the left end of the register, and for each new informa-
tion bit a parify bit (a parity check on the current bit
and three of those in the past) is computed according to
the formula ’

pe= 1 (‘D i1 @ iy @ i_s

Information and parity bits are transmitted alternately
over the channel. The code generated by this encoder is
called a rate-% convolutional code: rate ¥ because there
are two transmitted bits for every information bit, con-
volutional because the parity sequence is the convolution
of the information sequence with the impulse response
1,1,0,0,1,0,1, modulo-2. Like the block codes considered
earlier, the code is systematic (information bits are trans-
mitted), and is a parity-check code; therefore, it has the
group property (the modulo-2 sum of two encoded se-

e
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quences is the encoded sequence corresponding to the
modulo-2 sum of the information sequences).

We shall now suppose that the encoded sequence is
sent over a binary channel and that hard decisions are
made at the receiver output. How do we decode? First,
the decoder must establish which received bits are infor-
mation and which parity, but as there are only two pos-
sibilities, trial and error is a feasible procedure. (For
block codes, the comparable problem involves a choice
between s phases, where # is the block length, and some
special synchronization means may be required.) This
done, we shall let the decoder form syndromes, which are
defined as follows:

Take the received information sequence, and from it

' recompute the parity sequence with an encoder identical

to that of Fig. 12. Compare these recomputed parity
bits with the parity bits actually received; the outputs
from the comparator (another modulo-2 adder) are called
the syndromes (see Fig. 13). (The syndrome idea is
equally useful with block codes.)

It is evident that if no errors occur in transmission over
the channel, the recomputed parity bits will equal the
received parity bits and all syndromes will be zero, On the
other hand, if an isolated error occurs in the parity se-
quence, then a single syndrome will be equal to one at the
time of the error. If an isolated error occurs in the infor-
mation sequence, then the syndromes will equal one at all
times when the incorrect bit is at a tapped stage of the
shift register, so the syndrome sequence will be 1,1,0,0,1,
0,1,0,0. .., starting at the time of the error. The syndrome
pattern for more than one error is just the linear super-
position (modulo-2) of the syndrome patterns for each

of the individual errors. Thus do the syndromes indicate
the nature of the disease,

An obvious technique for correcting single isolated
errors now suggests itself. Such an error will manifest
itself as a syndrome pattern of 1100101 or 1000000, de-
pending on whether it is in an information or a parity bit.
The first time we see a 1 in the syndrome sequence, we
know that anerror has occurred ; the value of the following
syndrome tells us whether it was an information or
parity error. Since only information errors need be cor-
rected, an AND gate looking for two successive syndrome
“ones” suffices, as illustrated in Fig. 14(A).

One can correct double errors with the hardly more
complicated circuit of Fig. 14(B). Here the syndromes
are fed into a 7-stage shift register; a threshold circuit
fires if three or four of four selected places contain ones.
The selected places are those that would contain ones if
there were only a single information error. A single parity
error, in addition, can only disturb one input to the
threshold circuit; similarly, it can be verified that with
this particular code a second information error can only
interfere with one input, so that if only two errors occur
the threshold circuit will certainly fire at the right time.
On the other hand, it can also be verified that under the
assumption of only two errors the circuit will never fire
at ‘the wrong time, Finally, the complement line is in-
cluded to take out the effect of a corrected error in those
syndrome bits that were inverted by it, so that the decoder
can handle all error patterns that do not have more than
two errors in any seven consecutive pairs of received bits.

Both these decoders are examples of threshold de-
coders? (working on a self-orthogonal code!!). Threshold

Received information !
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FIGURE 13. Syndrome formation at the receiver.

FIGURE 14. Simple single- and double-error-correcting threshold decoders.
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decoding is an extremely simple technique that applies to
many short codes correcting a few errors, and that is
casily extended to correct bursts of errors. Its efficiency
diminishes as the number of errors to be corrected be-
comes large, and for this reason it is not an outstanding
performer on the space channel. With hard decisions,
the performance of the three-error-correcting (24, 12)
convolutional code (shift register length 12) is about the
same (to within 0.2 dB) as that of the (24, 12) block code
of Fig. 11.

Sequential decoding was invented by Wozencraft!? in
about 1957. Through a decade of improvement, analysis,
and development, it has become the best-performing
practical technique known for memoryless channels like
the space channel, and will probably be the general-
purpose workhorse for these channels in the future. Like
much else in the convolutional-coding domain, it is hard
lo explain and analyze, but relatively easy to implement.
Very crudely, a sequential decoder works by generating
hypotheses about what information sequence was actually
sent until it finds some that are reasonably consistent
with what was received. It does this by a backward and
forward search through the received data (or through
syndromes). It starts by going forward, generating a
sequence of hypotheses about what was sent. It checks
what -~ received against what would have been trans-
mitte&; _.ven the hypotheses, and according to the good-
ness of the agreement updates a measure of its happiness
called the metric. As long as it is happy, it goes forward;
when it becomes unhappy, it turns back and starts chang-
ing hypotheses one by one until it can go forward happily

Fyrney—Coding and its application in space communications

FIGURE 15. Performance of
convolutional decoders.

again. A simple set of rules for doing this is called the
Fano algorithm.13-13

It is evident even from this meager description that
sequential decoding involves a trial-and-error search of
variable duration. When reception is perfect, the de-
coder’s first guess is always correct, and only one “com-
putation” (generation of a hypothesis) is required per
bit. The more noise, the more hypotheses must be gener-
ated, up to literally millions to decode a single short seg-
ment. Because of the variability of the computational
load, buffer storage of the received data must be pro-
vided to permit long searches. Whenever this buffer over-
flows, the decoder must jump ahead and get restarted,
leaving a section of data undecoded. This overflow event
therefore leads to a burst of output errors; its frequency
generally dominates the probability of decoding error,
since the code can be made long enough that the probabil-
ity the decoder is actually happy with incorrect hypotheses
can be made negligible.

Sequential decoding is outstandingly adaptable; it can
work with soft or hard decisions and PSK, or with any
modulation and detection scheme. In the four implemen-
tations for the space channel to date, the Lincoln Experi-
mental Terminal decoder® works with 16-ary frequency-
hopping modulation and incoherent list detection; the
NASA Ames decoder for the Pioneer satellites!” and the
JPL general-purpose decoder!® work with PSK and soft
(eight-level) decisions; and the Codex decoder, built for
the U.S. Army Satellite Communication Agency,'® works
with PSK (or DPSK or QPSK) and hard decisions, the
choice in every case being based on system considera-
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tions. Sequential decoding can even make efficient use of
known redundancies in the data, as was done for some
preexisting parity checks in the Pioneer data format. The
one thing a sequential decoder cannot tolerate is bursts of
errors, which will cause excessive computation; therefore,
it cannot be applied without modification to any channel
but the space channel.

The performance of sequential decoding depends both
on the modulation and detection scheme with which it is
used, and on the data rate relative to the internal com-
putation rate. The theoretical limit of any sequential
decoder on a white Gaussian channel is E,/N, = 1.4 dB,
exactly 3 dB above the Shannon limit; this limit can be
approached with PSK, soft decisions, and low-rate codes.
The simplest possible sequential decoder working with
rate-'4 codes, PSK, and hard decisions has a theoretical
limit of E,/N, = 4.5 dB; 2 dB of this loss is due to hard
decisions, 1 dB to the choice of rate Y%, rather than a
lower rate. Actual performance depends on the data rate
as well as the error rate desired, although the curves are
very steep; Fig. 15 shows measured curves at 50 kb/s and
5 Mb/s for the Codex decoder,? which has an internal
computation rate of 13.3 Mb/s.

Somehow the idea that sequential decoding is compli-
cated to implement has achieved considerable circulation.
This is undoubtedly partly due to the difficulty of the
literature. Also, the first sequential decoder (SECOZ?Y),
built at Lincoln Laboratory for telephone lines with the
technology of an earlier day, was an undoubted monster,
due in part to large amounts of auxiliary equipment such
as equalizers. It should be emphasized that three of the
four implementations just mentioned involve only a
drawer of electronics with a core memory system for the
buffer storage; the fourth, the Pioneer system, was actu-
ally done in software because of the low maximum bit
rate (512 b/s).

We conclude by mentioning two more classes of
schemes of current interest. One, the Viterbi algorithm, 22
performs optimum correlation detection of short con-
volutional codes much as the Green machine does of
block codes. Figure 15 shows the performance of this
algorithm??® with soft decisions when the decoding com-
plexity is comparable to that of the m = 6 block decoder
of Fig. 11; performance is uniformly superior. This
algorithm is competitive in performance with sequential
decoding for moderate error rates, but cannot achieve
very low error rates efficiently. On the other hand, it can
be implemented in a highly parallel pipe-lined decoder
capable of extremely high speeds (tens of megabits)
where sequential decoders become uneconomic, It there-
fore may find application in high-data-rate systems with
modest error requirements, such as digitized television.

The second class represents attempts to bridge the
final 3-dB gap between the sequential decoding limit and
the Shannon limit by combining sequential decoding with
algebraic block code constraints. Recent unpublished
work of Jelinek gives promise of performances between
1 and 2 dB from the Shannon limit without excessive
computation. At the moment, all schemes in this class
seem most suited for software implementation, and will
probably be used only for low-data-rate applications
where the ultimate in efficiency is desired, as in deep-
space probes,

Thus do we near practical achievement of the goal set
by Shannon 20 years ago.
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Codes correcteurs d’erreurs

par A. HOCQUENGHEM,

Professeur au Conservaloire des Arts et Méliers,
Ingénicur conseil & la S.E.A.

Généralisant un travail de Hamming, I'auteur construit des codes
permettant de corriger k& errcurs dans une transmission de digits
binaires,

The paper is a generalization of Hamming's work. The author gives
a coding system available to correct k errors in a transmission of
binary digits.

Eine Arbeit von Hamming veraligemeinernd, entwickelt der Autor
Kodes dic es ermdglichen bei Ubertragung biniirer bits k Fehler zu
korrigieren.

OGoGwas paGory XaMMuHra, aBTOp NpefnaraetT KOAhl, KOTOPhi€ AAKT BO3-
MOYHOCTL HCNPaBaATh & owiGOK B nepepade AROHUHBIX Wudp.

1. Introduetion,

Introduisons dans un systéme de transmission un mot, consti-
tué par un nombre de n chiffres binaires :

ap Gy ovvvnve.

Le mot regu peut différer du mot initial par un certain nombre
d’erreurs (certains chiffres ¢; étant altérés en 1 — a;). Pour essayer
de détecter el de corriger ces erreurs, on n'utilise que m chiffres
du mot comme support de I'information, les chiffres restant appelés
chiffres de test devant servir & Ja vérification du mot aprés la
transmission. Donner une loi de détermination de ces chiffres de
test en fonction des m chiffres d'information de fagon a pouvoir
détecter — ou corriger — un nombre maximum k d’erreurs, c’est
former un code détecteur — ou correcteur — de k erreurs.

L’exemple le plus simple est le code détecteur d’'une erreur.
Dans ce cas m =n—1, et on choisit le chiffre de test de fagon
que le nombre ‘total de chiffres 1 du mot soit pair. La vérification
du mot consiste alors en un lest de parité.

Hamming (Bell System Technical Journal, 1950) a donné la

loi de formation d'un code correcteur d’une erreur. Le nombre de

chiffres de test est l'entier N déterminé par les inégalités
(11) Log,(1 + n) =N < 1 + Logy(1 = n)

Dans le cas général d'un code correcteur de k erreurs, le nom-
bre de configurations d’erreurs possibles est :

H=14Ch+Ch+ ... +C

Par suite le code le plus économique utiliserait un nombre de
chiffres de test égal A I'entier immédiatement supérieur a4 Log,H.
A part le code de Hamming, on n'a pu construire de tels codes.
Ceux que nous proposons utilisent un nombre de chiffres de test
dgal a

n—m=kN
La différence
/«'N—L()g._»H
est de Pordre de Log,(k!), donc assez faible pour que ces codes
soient satisfaisants,

Aprds avoir défini un anneau dans lequel nous ferons nos
calculs, nous exposerons le code de Hamming sous cette optique,
puis les principes de.formation des codes qui nous conduiront
a4 une détermination quasi-expérimentale et 4 une détermination
systématique de ces codes. Nous terminerons par un exemple de
code correcteur de 2 erreurs.

2, Définition de I'anneau ¢

Les éléments de 'anneau (U sont les nombres entiers éerils en
numération binaire.

A chaque élément de l'anneau (U nous faisons correspondre
un polynéme ayant comme coefficients les chiffres de I'élément.
Le polynéme est alors défini sur le corps de caractéristique 2.

Toute opération sur les éléments de (L sera faite sur les poly-
nomes correspondants — au cours de ces opérations tout coeffi-
cient pair sera remplacé par O, tout coefficient impair par 1.

Le résultat sera un polyndéme auquel correspondra un élément de

I'anneau .
On a donc toutes les opérations habituelles sur les nombres

entiers — afin d’éviter toule ambiguité, toutes les expressions
calculées selon ces régles seront suivies de l'indication ().

Exemples :

Addition : 101 4 111 =10 (&)
Multiplication : 101 X 111 =11.011 (&)
Puissance : 1012 = 10.001  (€1)

Division : 1,101 =111 X 10 4 11 (&)

En particulier: p+4p=0, (p+ @2=p*}¢* (1)

Lorsque le polyndme sera irréductible sur le corps de caracté-
ristique 2, nous dirons que le nombre correspondant est irréduc-
tible (i] n’admet pas, dans I'anneau (U, d’autre diviseur que lui-
méme et unité),

On peut classer évidemment les nombres dans P'anneau ¢l
par ordre de grandeur, mais beaucoup plus important est le nom-
bre de chiffres. On démontre que parmi les nombres ayant un
nombre de chiffres donné, il existe toujours un nombre irréductible.

Etant donné un mot écrit en binaire

aa; ... 4a,
nous attacherons & chaque indice i un nombre p; de Panneau 1)
et au mot lui-méme nous attacherons le nombre
T = a pl '*' as Pz "'_ R "’_ a, Dy (C1)
Cest la considération du nombre T qui, grice & un choix conve-
nable des nombres p, nous permetlra de corriger les erreurs
éventuelles.

4. Code de Hamming).

Nous retrouvons le code de Hamming en faisant
p=i
Les chiffres de test sont les chiffres du mot d’indices
1, 2,22, ..., 281 (N défini par les inégalités 11).

L’information sera portée par les chiflres

az ag ag a; ay ... a,

On détermine les chiffres de test par la condition
T=ZXZpa=0
condition qui s'écrit ici

ay 20y + dag L 2N @y

daz + bay + 6ag - ...

-+ na,

@)

Le second membre est un nombre binaire connu d’au plus N
chiffres. L'égalité détermine done parfaitement les valeurs des

chiffres de test.

Si, aprés transmission, il n'y a pas d'erreur, on retrouvera

T = 0.

Sl y a une erreur, porlant par exemple sur le chiffre a,

remplacé par (1 — «ay), le nombre T prendra la valeur :

Reprinted with permission from Chiffres, vol. 2, pp. 147-1566, 1959.
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T=a + 2+ ...+ all —ap) + ...+ nay=a ()

‘/a valeur de T scra l'indice du chiffre erronné.

§'il y a deux erreurs, portant sur les chiffres d’indice o et f,
T prendra la valeur :
T=a+pB%0 Q)

S’il y a plus de deux errcurs, T pourrait étre nul. Le code
obtenu est donc correcteur d’une erreur, détecteur de deux erreurs.

Il est commode, pour automatiser le contrdle, de supposer les
nombres p disposés en matrice, Par exemple pour n =7, on aura
la matrice

0001111
j 0110011
1010101
Aux nombres
0010110 el 0010010
correspondront les malrices
0000110 0000010 (
0010010 et 0010010
0010100 0010000 I

Le nombre T s'oblient en faisant suivre chaque ligne de la
matrice de son chiffre de parité (§ 1),
On obtient ici :
1 [

0 1
0 ct 0 | =5H
0 !

Le premiier nombre est correct, le 5* chiffre du second nombre est
Taux.
4, Principe d’un code correcteur de k erreurs,
Voyons maintenant 4 quelles conditions doivent satisfaire les
nombres p pour que le calcul de T permette de corriger k erreurs.
. Nous supposerons que les chiffres de test sont en nombre suffi-
sant pour que, connaissant les chiffres d’information, on puisse
réaliser la condition

(41) T :=Zap =10 @)
Si aprés transmission, les chiffres de rang
Ay Up + ooy O (j=k

“sont erronés, le nombre T calculé sur le mot déformé prendra la -

valeur :

T = pai + paz + ... + Ppaj (&)
Il faut que le nombre ainsi trouvé soit caractéristique des rangs
Ups Ay ., @y C'est-d-dire que:

Pat + Par + ...+ paj # par+ par + o+ pap Q)
lorsque
j=k, =k
et les deux ensembiles
(axv Q2s 0oy a/)» ((1,1; (1’2» ey a’/)»

non identiques.
Cette condition peut encore s'écrire :

(42) Py+pryt. . +pu=0
lorsque == 2k
et des A, Aoy ..., 2 étant tous différents.

On devra donc choisir les nombres p tels que I'addition, dans
I'anneau (1, d’au plus 2k de ces nombres donne un résuitat non
nul,

Une fois déterminé un ensemble de n nombres p, il faudra
choisir les chiffres de test. Il est commode pour cela de remplacer
I'ensemble obtenu par un autre ensemble de n nombres mais
contenant les puissances successives de 2 :

1, 2, 22, ..., 2K
K désignant le nombre de chiffres du plus grand nombre p obtenu.

Disposons pour cela les nombres p en une matrice M de n
~olonnes et K lignes (K < n), chaque nombre p étant donc repré-

nté¢ par une colonne

()

pi =

N
i

4]
=i

1
™

Si le rang de celte malrice (dans Panneau ¢1) est I < K,
c'est que K—K’ lignes de cetie matrice sont des combinaisons
linéaires des K’ lignes reslantes. Si l'on supprime ces K— K’
lignes, on obtiendra une malrice M’ de nombres p’ qui vérifieront
encore la condilion (42),

Ceci étant, nous pourrons extraire de ]Ja matrice M’ une matrice
carrée A de K’ lignes dont le déterminant calculé dans I'anneau
¢ ne sera pas nul. On aura donc

det A=1
puisque ies seules vuleurs possibles sont 0 ou 1, En multipliant la
matrice M’ par A—1, on obtiendra la matrice M” formdée de nombres
p” tels que -

L=
H=l =

K

w

o

o !
l\‘

i
ey

et par suile les nombres p”,. vérifieront encore la condition (42),
De plus, la matrice M” contiendra & ce moment la malrice
A—1 X A, c'est-d-dire la matrice unité, donc l'ensemble des p”
contiendra les puissances successives de 2 :

1, 2, 2%, ..., 2W~—!

Les indices correspondants seront pris comme chiffres de test et
la condition (41) déterminera ces chiffres en fonclion des chiffres
d’information par égalité de deux nombres binaires de K’ chiflres,

Tout le probléme se raméne done 4 construire des ensembles
de nombres p satisfaisant & la condition (42).

5. Formation de proche en proche d’une suile de nombres p.

Prenons d'abhord :
' Pr=1, py==2, py=2% ..., pg==2%-1
puis :

Pany =2 —1

Pog -y = 2%

Ces nombres satisfont déja aux conditions (42). Pour prolonger
cette suite dans l'ordre des p croissants, supposons élre arrivé
au nombre p; de I chiffres. Considérons Pensemble des nombres
Py 4 p; et de leurs sommes dans P'anneau €U par groupes de 2, 3,
... (2k—1). Tous les nombres obtenus ont au plus I chiffres.

S’il existe un nombre non contenu dans l'ensemble ainsi formé
et compris entre p; et 24, ce nomhre sera pris pour valeur de
pi+1 (s’ily a plusicurs nombres on choisira évidemment le plus
petit). Sinon on prendra p, == 2. )

On peul ainsi continuer pas & pas jusqu'a I'obtention des n
nombres p. Si p, a K chiffres, les nombres

1, 2,29, ..., 281
seront inclus dans la suile des p. La suite sera donc directement
utilisable pour former un code. Il restera a établir le tableau de
correspondance entre les H valeurs de la somme

Pa + pr ko P €y

ct la valeur des indices oy, oy ..
Le procédé ainsi défini est assez long & exploiter. Cependant,
pour des valeurs raisonnables de n et k, il ne dépasse pas les

. :
possibilités d’une calculatrice de moyenne puissance.
La détermination 4 priori du nombre K de chiffres de test

parait assez difficile. Aussi allons-nous exposer un procédé plus
systématique de recherche des nombres p.

(j =<k

T

6. Formation systématique des nombres p.

La théoric des congruences, si utilisée dans les preuves des
opérations arithméliques, va nous fournir un mode' de caleul des
nombres p. Désignons par ¢ un nombre ircéductible de N 41
chifires et par ¢ le resle de Ia division dans l’anneau. @ dun
nombre ¢ par p. Le nombre ¢’ aura au maximum N chiffres.

Nous poserons alors :
pi=1 - 28(3) - 22N() + | 2G—DN(j2R—1Y
i=1,2, ..., n)

(<)
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c’est-a-dire que le nombre p; est formé de la juxtaposition des
restes successifs de la division par ¢ des puissances impaires dans
I'anneau (U du nombre i. Nous allons montrer que ces nombres p;
satisfont & Ia condition (42),

En effet, supposons :

(61) Pt prt ..
Cela entrainerait :

(62) Sy = § =S = ...

en posant :

+pu=0 () (1 =2k)

= Sy =0

Sp= Q'+ Q¥ 4 ...+ G @)
et § =S8, (mod p) (@)

Or, si nous considérons le produit
i=23, ..,

I 42 Je=1,2 . 11
ce produit peut s'écrire sous forme d’un déterminant de Van der
Monde dont le carré contiendra la ligne

S8 8; ... S

Corﬁme S,; =S¢, les condilions (62) entrainent

TGy + A) =0 (mod p) ()
Done un des facteurs, par exemple 2 -+ A; serait divisible par o.
Comme la somme dans (U des nombres A + }; a moins de chiflres
que le nombre g, il en résulterait

M+ 7\] =0 A== lj
Par- suite I'hypothése (61) ne peut éire réalisée que si au moins
deux indices étaient égaux.

i>j (V)

Donc¢ les nombres p que nous avons formés remplissent la
condition (42) et peuvent servir 4 former un code correcteur de
k erreurs. Naturellement on les transformera comme il est indiqué

‘au § 4 pour former une suite contenant des puissances de 2.

Dans le cas général, p; comprenant AN chiffres, il y aura lieu
d’utiliser kN chiffres de test.

7. Exemple.

Nous avons formé un code de 15 chiffres correcteur pour 2
erreurs, Iei N == Log, 16 =4, il y aura 8 chiffres de test.

En prenant g == 19 = 10.011, on calcule aisément les nombres
p et la matrice M :

011110011 1 1 1 1 1 1
0o 01100001 1 1 0 0 0 1
o010t o011t t 0o 0 1 0 0
161001101 1 ¢ 0 0 0 0
6o 90000011 1 t 1 1T 1 1
6 001111900 0 o0 1 1 1 1
0110 0 1 1 0 0 1 0 0 1 1
1 01010101 0 1 0 1 0 1
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Cette malrice M est de rang 8, car le déterminant formé avec
les colonnes 1, 2, 4, 8, 6, 12, 7, 14 (choisies parce qu'elles présen-
tent le plus de zéros) vaut 1.

La malrice A (§ 4) sera formde avec ces colonnes. En Vinver-
sant on trouve la maftrice :

—1 =

N OO O~ S
i R e
e OO m OO
Dt O oD
Dbkt D D i
ekt O OO =
o= SgocooD
OO~ oo ©

Le produit A—!M (dans I'anneau () donne la matrice défini-

tive :
1 01 0 00 6 0 0 0 0 0 1 0 1
01 0 01 0 0 01 1 1 0o 0 0 1
06 1 1.0 0 0 01 1 1 0 0 0 1
06 1 0 1t 0 0 11 1 0 0 1 0 0
0 ¢ 0 01t 1 0 00 1 1 0 1 0 1
! 0O 0 0 0 0 0 1 0 0 1 1 0 1 0 0
g 0 0 0 1 0 0 0 1 0 1 1 0O 0 0
0o 0 1 0 1 0 0 0 0 1 0 0 1 1 1
1 2 3 4 5 6 7 8 9% 10 11 12 13 14 15

Les chiffres de rang
1, 2, 4,6, 7, 8 12, 14

serviront de chiffres de lest, les 7 autres chiffres seront les supports
de Finformation,

Pour vérifier et corriger un mol on fera la sonune
T = Xpu; (€1)

Si elle est nulle, il 0’y aura pas eu d'altération du mot (ou
plus de 4 erreurs). Si T n'est pas nulle, on pourra retrouver les
chiffres faux (en admettant qu’il n'y en ait pas plus de 2) en
utilisant da table suivante qui donne les valeurs possibles de T
suivies entre parenthéses des rangs des chiffres faux.

1(14) — 2(12) — 3 (12,14) — 4 (7)) — B (7,14)

6 (7,12) — 8 (6) — 9 (6,14) -—- 10 (6,12) — 12 (6,7)

15 (9,10) — 16 (8) — 17 (8,14) — 18 (8,12) — 19 (10,11)

20 (7,8) — 24 (6,8) — 27 (2,5) — 28 (9,11) — 29 (1,13)

32 (4) — 33 (4,14) — 34 (4,12) — 36 (4,7) — 40 4,69

41 (5,9) — 42 (5,100 — 44 (3,13) —— 46 (2,11 — 48 (4,8)

49 (1,3) — B0 (2,9 — 53 (5,11) — 61 (2,10) — 64 (2)

65 (2,14) — 66 (2,12) — 068 (2,7) — 72 (2,6) — 756 (3.8)

77 (8,13) — 78 (4,11) — 80 (2,8) — 82 (4,9) — 83 (5,6)

85 (6,13) —— 88 (3,15) — 89 (5,12} — 90 (5,14) — 91 ()

93 (4,10) — 96 (2,4) — 98 (8,9) —- 102 (G,11) -- 103 (5,7)

105 (1,15) — 106 (7,11) — 108 (11,12) -— 110 (11) — 111 (11,14)

112 (9,12) — 113 (8,10) — 114 (9) — 115 (9,14) — 116 (13,15)

117 (6,10) — 118 (7,9 — 121 (7,10) — 122 (6,0 -— 123 (4,5)

124 (10,14) — 125 (10) — 126 (8.11) — 127 (10,12) — 128 (1)

129 (1,14) — 130 (1,12) — 132 (1,7) — 135 (11,15) — 136 (1,6)

144 (1,8) — 145 (3,4) — 152 (10,15) — 153 (7,13) — 155 (9,15)

156 (13,14) — 157 (1) — 159 (12,13) — 160 (1,4) — 161 (3,8)

169 (2,15) — 176 (3,14) — 177 (33-— 178 (5,15) — 179 (3,12)

181 (3,7) — 185 (3,6) — 189 (4,13 — 192 (1,2) — 195 (3,9

198 (5,18) — 201 (4,150 — 204 (3,100 — 219 (1,5) — 221 (2,13)

228 (3,11 — 224 (10,13) -— 225 (6,15) — 232 (14,15) — 233 (15)

234 (3,5) — 235 (12,15) — 237 (7,15} — 2348 (1,11) — 239 (9,13)

241 (2,8) — 242 (1,9) -- 243 (11,13) — 249 (8,15) — 253 (1,10)
On remarquera que le nowbre T prend 121 valeurs possibles

(I -+ Cly + C&) et qu'on utilise un nombre de 8 chiffres pour
Pécrire. Le code utilise un chiffre de test de plus qu'il n’est
théoriquement indispensable, mais il n'est pas sir qu'on puisse
construire des codes p’ayant qu'un nowmbre de chiffres de lest
strictement ¢gal a Venlier par excés de Log, H.
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